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Summary
This work is concerned with simultaneous multi-scale modelling of heterogeneous 
solids, whereby phenomena associated with the micro-structure have significant 
influence on the macroscopic behaviour. A compact and efficient computational 
framework that links the micro and macro scales in small and large strain regimes 
is presented, which is derived from the variational treatment of the homogenization 
problem.
Multi-scale analysis is infamous for its enormous memory and processing power re­
quirements. Two methods are proposed to address the issue: Interface discretizion, 
where an independently discretized interface replaces the discrete Representative 
Volume Element (RVE) boundary; and a Sub-Stepping procedure that obtains bet­
ter initial guesses for failed iteration steps of the micro-scale equilibrium Newton- 
Raphson scheme. The success of both approaches is supported with numerical ex­
amples.
The use of the resulting robust and efficient framework is demonstrated by a num­
ber of 2D and 3D applications. In addition to reference problems from literature, 
a study on long fibre composites, from determination of mechanical properties to 
fully coupled large strain analysis of a two ply laminate is presented.
Finally, composites with weak interfaces are considered, where local degradation 
associated with inter phase cracking, debonding and sliding within the RVE is in­
vestigated using Coulomb frictional contact and cohesive zone models.
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Chapter 1 
Introduction
Almost any material has a heterogeneous micro-structure, even if the observed, 
or macroscopic properties appear to be homogeneous. Metals have polycrystalline 
structure characterized by grains that vary in their size and orientation. In a metal 
alloy which is produced by solidification of a homogeneous mix, a second phase ex­
ists in precipitate form, while composites consist of two or more distinct phases with 
significantly different physical or chemical properties, separated by a distinct inter­
face which remains separate and distinct on the macroscopic level. Most biological 
materials exhibit heterogeneity, eg. wood consists of cellulose fibres embedded in 
a matrix of lignin, whereas bone or teeth are composed of hard inorganic crystals 
in a collagen dominated matrix. Heterogeneity could be manifested by existence of 
voids as well: osteoporosis refers to excessive porosity of the bone.
As Willis [127] points out, because of the micro-heterogeneity, a description of any 
material in terms of continuum mechanics is an approximation, while any experi­
mental determination of constitutive behaviour is in fact a measurement of effective 
properties. Continuum approach is indifferent to local constitutive relations occur­
ring at microscopic level, thus has limited validity. Furthermore, many macroscopi- 
cal phenomena (eg. plasticity, creep) have their roots in the micro-structure.
Micro-mechanical material models take into account the shape, size, distribution 
and mechanical properties of micro-structural constituents, as well as their interac­
tions between them. The procedure which relates the macroscopic stress and strain 
and of the micro constitutive laws is termed homogenization [110], while the inverse 
procedure, termed localization amounts to a micro-mechanics problem which per­
mits to determine microscopic quantities from macroscopic ones.
Prediction of material properties of heterogeneous media has been the focus of an­
alytical, experimental and numerical research in the last 40 years, resulting in an 
impressive collection of literature.
5
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■ O* < i*
Figure 1.1: Heterogeneous media: (a) Low carbon steel, from Cochrane [20] (b) 
A rtery, from Ross et al. [96] (c) T rabecular bone, from T im othy [119] (d) Al-SiC 
com posite, from Hecht et al. [44].
A naly tica l or direct approaches could be dated  back to  a 1906 paper by E instein 
[17], where he com puted the  effective viscosity of a fluid containing a small am ount 
of rigid spherical particles. Eshelby developed the equivalent inclusion  m ethod [27], 
where he studied a m isfitting inclusion, caused by eg. therm al expansion, m arten- 
sitic transform ation  etc., em bedded w ithin  an infinite isotropic solid. F irst, the 
inclusion is removed and a stress free stra in  is prescribed. Next, the  now m isfitting 
inclusion is m ade to  fit back by applying surface tractions, and finally allowed to 
relax by deform ing the  solid. Eshelby also retrieved effective properties of a very 
dilu te com posite ( /  < <  1 ) consisting of spherical particles em bedded in infinite 
m edium. Eshelby’s m ethod was generalized and extended to  cover a broad range of 
application, from electrodynam ics to  p lasticity  to  interface effects see, eg. M ura [83] 
or Taya [114]. Mori and Tanaka [81] extended Eshelby’s model to  cover an inclusion 
w ithin a finite m atrix , as well as m ultiple inclusions, while taking into account in­
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teraction  am ong them . M ori-Tanaka scheme was further developed by eg. Luo and 
Weng [6 8 ] and Benveniste [4].
Hashin [40] used the composite spheres m odel where the volume is assumed to  be 
filled by varying sizes of com posite spheres having the same outside radius to  inside 
radius ratios, as in Figure 1.2 (a), to  calculate only the effective bulk m odulus of a 
com posite. Hashin and Rosen [42] extended this model to cover composite cylinders 
and calculated some properties for transverse isotropy associated with random  and 
hexagonal d istribu tion  of fibres. They have not supplied closed form expressions for 
elasticity m aterial p roperties G 2 3 , 0 2 3  or bu t provided bounds for them . Chris­
tensen and Lo [18] derived G 23 later, using a composite model employed by the 
generalized self-consistent scheme.
Figure 1.2: RVEs used by analytical approaches: (a) composite spheres/cylinders
(b) self-consistent (c) generalized self consistent
The self-consistent micro-mechanics method was developed by Hill [48], who 
introduced increm ental solutions for a com posite defined by a particle em bedded 
w ithin an infinite homogeneous medium whose unknown properties are th e  same as 
the composite, as in Figure 1.2 (b). Hill obtained closed form expressions of bulk K
and shear moduli G  for a spherical inclusion.
The generalized self-consistent scheme (see eg. [54, 55, 18]) assumes the particle 
is encased in a m atrix  shell which is em bedded within an infinite homogeneous 
m edium  whose unknow n properties are the same as the composite, as in Figure
1.2 (c). Because of the  non-linear nature of the problem. 110 closed form solution 
is available and simplifying assum ptions should be made. See Benveniste [5] for a 
present day perspective for the generalized self-consistent scheme. Halpin and Tsai 
simplified H erm ans’ [45] generalized self-consistent model analysis of a com posite 
w ith aligned continuous fibres [39] , where a closed form applicable to an extended 
range of reinforcem ent geom etries is provided. Halpin and Tsai approach will be
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discussed in detail later for fibre reinforced composites.
Bounds on P roperties had been another front of research since Hill [46] had 
shown that Voigt [123] and Reuss [95] assumptions of uniform strain and stress are 
the upper and lower bounds for the elastic moduli. Voigt and Reuss assumptions 
coincide with a simple volume weighing of phase stiffnesses, called the rule of mix­
tures and volume weighing of compliances, respectively. Hashin and Shtrikman [41] 
computed narrower bounds using variational principles, for a reference cube of a 
composite with n phases, by prescribing displacements at the boundary of the com­
posite. Higher order bounds were developed by other workers [7, 126, 12, 112, 33] 
and extended to cover non-linearity and phase interactions [11, 111, 113, 61].
U nit Cell approaches use axisymmetric unit cells to model hexagonal packing ar­
rangement of the second phase, and compute effective properties of a periodic media, 
as well as its microscopic stress state by solving the equilibrium problem by the fi­
nite element method. Unit cell method was applied for a number of applications, 
e.g. particle reinforced composites [19, 3, 66], or influence of fibre packing and shape 
on the overall properties of composites with continuous fibres [10]. In spite of their 
relatively low computational cost, unit cell models require strict periodicity, which 
is not commonly found in existing materials. Furthermore, they are not well suited 
for the non-linear regime.
Classical hom ogenization procedure requires solving the equilibrium problem 
of a representative volume element (RVE) subject to either uniform tractions or 
uniform displacements at its boundary. The term RVE was introduced by Hill [47] 
to refer to a sample that,
1. is structurally entirely typical of the whole mixture on average, and
2. contains a sufficient number of inclusions for the apparent overall moduli to 
be effectively independent of the surface values of traction and displacement, 
so long as these values are ’’macroscopically uniform.” That is, they fluctuate 
about a mean with a wavelength small compared with the dimensions of the 
sample, and the effects of such fluctuations become insignificant within a few 
wavelengths from the surface.
Hashin [41] considered a reference cube in the composite material that is large com­
pared to the size of non-homogeneities, yet small compared to the whole body, and 
identified statistical homogeneity as a necessary characteristic of the composite ma­
terial, which implies that body averages and RVE averages are the same. It results
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from classical arguments on oscillation functions that the macroscopic stress and 
strain tensors must be averages of the microscopic quantities [110]:
• - W«'dv ■ * - 1 L’dv <u)
The classical homogenization problem, given by (1.1) together with the microscopic 
equilibrium should be complemented by a proper selection of boundary conditions. 
Since the in-situ boundary conditions are unknown, either uniform tractions or 
uniform displacements are assumed. Hollister and Kikuchi [49] note the lack of 
uniqueness in (1.1), as the same homogenized state can be obtained by averaging 
microscopic fields obtained from imposition of different boundary conditions. For 
a periodic media, the fluctuations of traction and displacement about their mean 
is large compared to their averag;e [110], so assumptions of uniform traction or dis­
placement fields at the boundary are not applicable. Furthermore, effective stiffness 
predictions will change as thc3 number of repeating units contained in the RVE 
changes [49].
A sym ptotic hom ogenization theory was developed by Bensoussan et al. [6]
and Sanchez-Palencia [97] for spatially periodic media, and originates from studies 
of partial differential equations with rapidly varying coefficients. Since it assumes 
that fields vary on multiple spatial scales due to the existence of a micro-structure, 
asymptotic homogenization is well suited to problems where such separation of scales 
exist naturally. Such a field is approximated by the asymptotic expansion:
= u0](x,,y) + yu i{x ,y )  +  y2u2(x ,y )  + ... (1.2)
where, un is the exact value o>f the field variable, u0 is the macroscopic or average 
value of the field variable, and u X) it2 are perturbations in the field variables due to 
micro-structure [49]. Macro coordinates x  and micro coordinates y  are related by 
the size ratio, y:
v = -  (1-3)V
by replacing u71 with the microscopic displacement field u, the microscopic strain 
field is found as:
e  ( u )  =  - ( V u  +  X7t u )
Li
= 2 +  ^ x n o ) T  2 i ^ y U l + ^ y u l) +   ^(VajWi + V^lii) + . . .
~  £ -f- £ (1.4)
Terms e and e refer to average and fluctuating components of the strain field re­
spectively, approximated by dropping terms of order y and higher. These methods
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try to solve the differential equations with varying coefficients and the homogenized 
equations emerge naturally, associated with the low order terms in 77.
The effective stiffness calculated by homogenization theory is not dependent 
on the RVE size due to periodicity assumption; see Hollister and Kikuchi [49] for 
comparison of asymptotical and classical homogenization approaches. Toledano and 
Murakami [120], as well as Guedes and Kikuchi [37] used homogenization theory to 
obtain effective average elastic constants of linear elasticity. In the latter [37], the 
authors solved a macroscopical equilibrium problem with the average properties. 
They also used the resulting macroscopic stresses to investigate the microscopic 
stress field.
M ulti-scale methods1, also called global-local or micro-macro methods, solve equi­
librium problems simultaneously on different scales, and retrieve the stress fields 
associated with these scales. In fact, as Matsui and Terada [71] note, this ap­
proach seems to be the only way to evaluate the non-linear macroscopic response 
of a heterogeneous medium when the analytical expression of the macro scale con­
stitutive relation is not available. See e.g. Suquet [110] or Terada and Kikuchi 
[117] for the initial ideas. Moulinec et al. [82] and Michel et al. [75] decomposed 
boundary displacements and solved for fluctuations of displacement in response to 
the prescribed strain, using Fast Fourier Transforms (FFT) instead of Finite El­
ement Method (FEM). Miehe and co-workers drew a clear framework for micro 
to macro transitions of non-linear elastoplasticity of polycrystals for large [76] and 
small strains [77], and joined periodicity requirement of asymptotic homogenization 
with the classical uniform boundary conditions.
Ghosh and co-workers [35, 36] coupled the macroscopical scale with polygons con­
taining a single second phase inclusion, called Voronoi cells. Smit et al. [102] and 
Feyel et al. [28] were able to perform simultaneous multilevel finite element simula­
tions for periodic media, while the latter used a perturbation approach to calculate 
the tangent stiffness. Geers and Kouznetsova [32, 58, 57] developed a second order 
scheme based on a higher order mapping between current and reference configu­
rations. Miehe [78] used Lagrangian multipliers to enforce a family of boundary 
constraints. For heterogeneous materials where the scale separation is not of orders 
of magnitude, multi-grid methods provide a numerical multi-scale modelling of dif­
ferent grids [80], eg. Fish and Belsky [29, 30] used global-local techniques with a 
multi-grid method for a periodic heterogeneous medium based on homogenization 
theory.
Previously mentioned methods has been described as multi-scale as well, in the present work 
we refer to a narrower class of methods that solve homogenization/localization problems simulta­
neously
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Fully coupled simultaneous multi-scale analysis is associated with enormous com­
putational costs. Selective use of multi-scale analysis for critical regions was sug­
gested [57], where non-critical regions would either be modelled by continuum-form 
homogenized constitutive relations, or by constitutive tangents obtained from the 
micro-structural analysis. Parallel computation [28, 71] is more than a necessity 
for three-dimensional problems, and any method to decrease computational costs is 
quite welcome.
1.1 A im  of th e  Thesis
In this work, we aim to develop a robust and efficient computational framework for 
the multi-scale analysis of solids for small and large strain problems, and use this 
framework in conjunction with non-continuous contact and cohesive zone concepts 
to investigate behaviour of heterogeneous materials with strong and weak interfaces. 
This methodology would act as a black box and simply replace local constitutive 
models in the conventional sense. To this aim, an axiomatic framework based on 
equilibrium of the RVE, Hill-Mandel Principle of Macro-homogeneity and volume 
averaging of stress and strain tensors is adopted, based on the assumption that 
the space of kinematically admissible RVE displacement fluctuation fields is a sub­
space of the space of minimally constrained displacement fluctuations compatible 
with the strain averaging hypothesis. This assumption allows implementation of 
some commonly referred boundary conditions such as uniform displacements, uni­
form tractions and periodic displacements with anti-periodic, tractions into a unified 
master-slave type dependency structure. The master-slave type dependencies are 
incorporated into a direct method to solve the micro equilibrium problem efficiently, 
where the number of unknowns is minimalized, avoiding problems associated with 
the Lagrangian approach related to distinct wavelengths of the unknowns.
The two-scale problem can be viewed as interaction of distinct domains that are 
linked by kinematical constraints on the displacement field of the boundary of the 
homogenized domain. The discrete interaction surface of the homogenized domain 
can be economized by introducing an independently discretized interface that is 
linked to the discrete RVE boundary by a finite element type interpolation. This in­
terface would not only liberate the RVE discretization, eg. from periodicity require­
ment, but would also reduce the time cost substantially, as, at the RVE boundary, 
only fluctuating degrees of freedom need to be solved for.
Another aspect that needs attention is the gross memory and floating-point cal­
culation requirements associated with fully coupled multi-scale simulations. The 
(possibly non-linear) incremental microscopic boundary value problem for the as­
sociated RVE is solved by a Newton-Raphson scheme. If a solution for the RVE
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equilibrium problem cannot be found for the given incremental macroscopic strain, 
then the updated stress cannot be computed and the macroscopic iterative solu­
tion algorithm has to be stopped. The usual course of action in such cases is to 
cut the macroscopic load increment and try to solve a new incremental problem 
with reduced load increment, which usually incurs a dramatic increase in overall 
computational costs. We will propose a sub-stepping procedure [103] that obtains 
better initial guesses for failed iteration steps of the Newton-Raphson scheme, which 
allows larger time/load steps to be prescribed at the macroscopic scale, leading to 
substantial savings in computing time.
1.2 Layout o f  th e  T hesis
Chapter 2 covers the aspects of continuum mechanics: Kinematical concepts, def­
initions of strain and time rates of kinematic quantities are developed. Stress is 
defined and alternative stress measures introduced as well as equilibrium equations 
and the virtual work expression, with a brief view of Finite Element method and 
the Newton-Raphson scheme.
Chapter 3: Thermodynamic laws are used to derive the essential dissipation in­
equality which the constitutive relations for small and large strains are based on. 
Constitutive relations are developed for isotropic and transversely isotropic elastic­
ity, as well as elastoplasticity for small and large strain regimes.
Chapter 4: Homogenization based multi-scale theory is developed in this chapter. 
The macroscopic boundary value problem, as well as homogenized stress and strain 
concepts are defined, and kinematical constraints essential for the macro-micro tran­
sition are introduced. In the second part, the general computational implementation 
of the multi-scale constitutive theory is developed within a finite element framework. 
Here, we present the discretized model and develop a direct solution procedure. Nu­
merical examples are provided for verification of the framework.
Chapter 5: Large strain multi-scale theory is developed, followed by general com­
putational implementation within a finite element framework. The layout intimately 
follows the previous chapter
Chapter 6: Techniques for efficient computational implementation of the family of 
multi-scale models are developed, namely interface discretization and sub-stepping. 
Numerical examples are presented in order to illustrate the scope and benefits of 
developed strategies.
Chapter 7: The use of the multi-scale framework is demonstrated by deriving 
predictions of elastic behaviour of long fibre composites. Single and multi-scale ex­
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amples are provided covering small and large strains.
Chapter 8: Assumption of perfect bonding between composite phases is relaxed. 
By embedding contact and cohesive laws at weak interfaces within the RVE, we 
explore the impact of imperfect interfaces on overall material behaviour.
Chapter 9: Conclusions, achievements and suggestions for future work.

Chapter 2 
Elem ents of Continuum Mechanics
A continuum is a body that can be continually sub-divided into infinitesimal ele­
ments with properties being those of the bulk material. Continuum mechanics deals 
with mechanical behaviour of materials that can be considered a continuum and is 
essentially an approximation as all matter is heterogeneous, whether the heterogene­
ity is manifested at the microscopic level, or at a smaller scale. The accuracy of this 
approximation depends on the relative size of the heterogeneities with respect to the 
body under consideration. Even multi-scale models that consider heterogeneities at 
different scales assume a continuum at the lower scale. Note, however, that non­
continuum models employing molecular dynamics or quantum mechanics also exist.
This chapter is concerned with the basic aspects of continuum mechanics. Concepts 
related to kinematics, which is the study of motion without reference to the cause, 
are developed first. Next, stress is defined in conjunction with conservation and 
balance principles, from which the virtual work equation is derived. A number of 
alternative stress definitions are developed in the large deformation context using 
work conjugacy. Finally, the finite element approximation is introduced, as well as 
the Newton-Raphson method that is used to solve systems of non-linear equations.
The material presented in this chapter is standard and is explained in great detail 
elsewhere. We refer to Bonet and Wood [8] for kinematics, as well as continuum 
and discrete treatment of large deformations, Zienkiewicz [129] for the finite element 
method and de Souza Neto et al. [13] for its application to solid mechanics problems.
2.1 K inem atics
In the following, the basic concepts of kinematics will be briefly introduced. In the 
first part, the concept of displacement will be used to develop a key quantity in 
finite deformation analysis, the deformation gradient, which leads to the definition
15
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of strain. It will be shown that the small strain concept is an approximation of 
the finite strain terms for infinitesimal displacements and rotations. Material and 
spatial descriptions will be defined with push forward and pull back concepts that 
are used to switch between these two configurations.
In the second part the velocity concept will be introduced, and time rates of quan­
tities derived in the first part will be established.
2.1 .1  D efo rm a tio n  and D isp lacem en t
u( X + AX)
Ax,
u(X)
Figure 2.1: Displacement
Consider the motion of the body Q from t = t0 to t =  t\ in Figure 2.1. Let 
the coordinates of particle P  be denoted by X  at t = t0 , x  at t = t\ and the 
displacement of the particle by u ( X ) .  Now consider particle Q in neighbourhood of 
P. Denote PQ  by A X , coordinates of particle Q at t = to by X  +  A X  , at t = U 
by x  +  A x  and the displacement of the particle Q by u ( X  +  A X ).
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It is apparent from Figure 2.1 that: 
u ( X )  +  A x  = u ( X  +  A X ) + A X  => A x  = u ( X  +  A X ) -  u ( X )  +  A X  
The Taylor series expansion for u ( X  + A X ) reads:
u ( X  + A X )  = u { X )  + +  0 ( A X 2)
uJ\.
by taking the limit as A X  —» 0, the higher order terms disappear and (AX , A x)  
become (d X ,d x ) .  Combining the two expressions above, and noting that =
V0 u,
dx = (I  + V Qu ) d X  (2.1)
2.1 .2  D eform ation  G radient
The motion can be mathematically described by a mapping ip between initial and 
current particle positions as:
x  = </?(X, t) (2.2)
The deformation gradient F  is defined as:
F  =  f t  =  Vo^  (2-3)
then it follows from (2.1) that
F  = I  + V 0u  (2.4)
or,
3x
dx = F d X  ; F  =  —  (2.5)
o X
2.1 .3  M ateria l and Spatial D escrip tions
It is important to make a clear distinction between the coordinate systems used 
in finite deformation analysis. The material (Lagrangian) description refers to the 
behaviour of a material particle with respect to its original (reference) configuration,
whereas the spatial (Eulerian) description refers to the behaviour (not necessarily
the particle) at the current configuration.
Note that the deformation gradient F  as defined in (2.5) is a two point ten­
sor, as it transforms vectors in the initial configuration into vectors in the current 
configuration.
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2 .1 .4  P u sh  Forw ard and P u ll B ack
It is possible to relate vectors and tensors between material and spatial configura­
tions in terms of the general concepts of push forward and pull back. (2.5) can be 
considered to be a push forward of d X  to obtain dx  or,
dx = F d X  = (/)*[dX]
Likewise, dx  can be pulled back to obtain d X  as:
d X  = F - ' d x  = <t>~l [dx]
Note that </>* implies an operation that will be performed in different ways for dif­
ferent operands.
2.1 .5  S tra in
A measure of strain can be determined by observing the change in scalar product of 
dx  or d X  by itself. First, consider the scalar product dx - dx,  which involves both 
the change in length and change in angle:
d x - d x  = F d X  • F d X  = d X  • F TF d X  = d X  • C d X  (2.6)
C  is the right Cauchy Green tensor, and is defined in the initial configuration. 
Similarly, h, the left Cauchy Green or Finger tensor is obtained by considering the 
scalar product d X  • d X  as:
d X - d X  = F ~ l d x ' F ~ ldx  =  dx^F~TF ~ ldx  =  d x - ( F F T)~1dx = d x - b ^ d x  (2.7)
The change in the scalar product is expressed as:
- ( d x  - d x - d X -  d X )  =  i ( d X  • C d X  -  d X  ■ d X )  = d X - - ( C -  I ) d X  = d X  ■ E d X
2 (2 -8)
is the Lagrangian or Green strain tensor and is defined in the initial configuration.
Alternatively, the change in the scalar product can be expressed in the current 
configuration to give the Eulerian or Almansi strain tensor e, which operates in the 
current configuration:
i (dx • dx  — d X  • d X ) =  ■ dx — dx ■ b~ldx) — dx ■ i ( J  — b~l )dx  =  dx ■ edx
Note that E  and e can be related in terms of push forward and pull back as:
e =  <f>,[E] = F ~ TE F ~ l 
E  = <j>;'[de}=FTe F
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By decomposing the displacement gradient tensor V0u , we can obtain the sym­
metric e and skew u  as:
£  =  ^ ( V 0u-\ -V 0uT) ; cj  = 0u -  V 0uT)
so that
V 0u  =  £ +  U3 ; V 0U 7 =  £  — UJ 
Now E  can be rewritten as:
E  = \ { C - I )
= l ( ( /  +  Vou)T( /  +  V0« ) - / )
h  \= £ F -  {££ — e u  +  we +  ojuj)
If ||e|| and H |  1, then £ is an approximation for E  and is known as the infinites­
imal strain tensor. u  is called the infinitesimal rotation tensor. This approximation
can be shown to hold for e as well. Note that both deformation and rotation must
be infinitesimal for this approximation to be true.
2.1 .6  V olum e C han ge
Consider a volume element in the current configuration whose sides arc given by 
d x i , d x 2 and d x 3 . The volume of the element is expressed as:
dv = dx \ (dx 2 x dx 3 )
F d X l ( F d X 2 x FdX-fi
dV - d X ^ ^ F - d X i  x 2 ~ r d X 3)
d X i  d X 2 d X ,
Jrdm  *
det[F])dV
J d V
where the Jacobian J  is defined as J = det[F\. The rate change of volume is given 
as:
-r(dv) = J dV - ^-dv 
dt J
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2 .1 .7  Iso ch o r ic /V o lu m etr ic  Split
Any deformation can be split into an isochoric (volume preserving) and a purely 
volumetric component. In case of large (finite) deformations, this is accomplished 
by the multiplicative split of the deformation gradient as:
F  = F isoF yo i
where
F iso = J ~ ^ F  ; F vo\ = J* I  
Note that det[Fiso] = (J~z)3det[F] =  J~l J  =  1.
A similar split is possible for small strains in an additive manner, so that:
_  _ d e v  , _ v o l  S  =  £  +  £
where, £vo1 =  ^tr[e]I is the purely volumetric component and £dev =  e — £vo1 =  
£ — \ tr[e\I  is the deviatoric or isochoric component of the infinitesimal strain tensor. 
It can be shown that E-lso and E vQi, as well as eiso and e voi reduce to £dev and £vo1 
as F  approaches I.
2.1 .8  V elo c ity
Consider the mapping x  = <p{X, t). The velocity of a particle is defined as:
d<p(Xt t)
v{-x ' t) = - i ^
As velocity is naturally a spatial quantity, it is more convenient to define it as:
v ( X :t) =
The derivative of the velocity (as a function of spatial coordinates as v (x , t ) )  with 
respect to the spatial coordinates define the velocity gradient I as
I =  —  = Vu 
ox
I relates to the time derivative of the deformation gradient, which is defined as 
F  =  Vov as:
F  = I F  ; 1 = F F 1
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2.1 .9  R a te  o f  D eform ation
The rate of deformation can be obtained by differentiation with respect to time the 
scalar product of two vectors. In terms of the current configuration, this can simply 
be achieved by taking the time derivative of E  to give
E  = h e  =  \ { F TF  +  F t F ) 
so that the change in the rate of deformation can be expressed as:
T d x  ■ dx) = 2d X  ■ E d X
at
or in spatial terms as:
J
— ( d x -d x )  =  F ~ ld x - E F ~ ldx  
dV  '
=  dx-  F ~TE F ~ ldx 
- dx ■ d d x
The rate of deformation tensor d = F ~ ] E F ~ l is the push forward of E,  and is 
identified as the symmetrical part of the velocity gradient I as:
d = \ ( l  + f )
2.2 Stress and Equilibrium
The problem of solid mechanics is to determine the response of a body under exter­
nal loads. The response is the consequence of a set of differential equations, known 
as the equations of motion. The weak form of these equations is the starting point 
for the finite element analysis, known as the virtual work.
Stress is simply defined as the force per unit area. In small strain analysis there 
is a unique concept of stress as the change in area can be ignored. In finite defor­
mation analysis however, change in kinematic quantities can no longer be ignored, 
so that one has to identify the stress with respect to the deformed area or the initial 
area.
In this section, after recalling the global equations of motion, the true (Cauchy) 
stress will be introduced, which is defined as the force per unit deformed area. Then 
the spatial virtual work equation will be developed, followed by the introduction of 
work conjugate concept, which will enable definition of alternative stress measures, 
namely, the Kirchoff, first Piola-Kirchoff and second Piola-Kirchoff stress tensors.
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2.2 .1  E q u ation s o f  M otion
Consider a body occupying the region 0  with boundary dfl. The motion of the body 
will be caused by body forces which act on Q and by boundary forces which act on 
Any oriented surface element da =  nda  experiences a contact force t (n)  da, 
where t (n )  is called the surface traction. Linear and angular momentum balance 
equations that express the acceleration field on a body are:
pbdv + /  t (n)  da = px  dv (2.9)
Jn Jan Jn
/ px  x b dv T  / x  x t (n)  da = px  x x  dv (2.10)
Jn Jan Jn
2.2 .2  S tress
Consider the Cauchy tetrahedron shown in Figure 2.2. If the tetrahedron is suffi­
ciently small, (2.9) can be approximated as:
/i ..nA i; , Npib — x ) — b t in )  — tjUj = 0Afl
where A v  and A a denote the approximate volume and area of the tetrahedron 
respectively. The approximation becomes exact as the tetrahedron shrinks to zero 
(i.e. ^  —> 0), so that t (n )  = tjUj. If a  is defined as = e* • tj, then
t (n)  =  crn (2-11)
defines the current or true or Cauchy stress tensor cr. It can be shown that cr is 
symmetric, using (2.10). By applying Gauss theorem on integral form of (2.11),
I t  da = I crn da = div[<r] dv
J on J on J  n
and defining /  =  pb  as the body force per unit volume, and admitting no accelera­
tions, the global equilibrium equations become:
j  f  dv +  j  div[<r] dv =  f  (div[er] +  / )  dv = 0 (2.12)
J n J n J n
The local force equations of motion are obtained using the standard argument
that the above equation can be equally applied to any region of integration, so that
the integrand vanishes:
div[cr] +  /  =  0 (2-13)
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t(n)
Figure 2.2: The Cauchy tetrahedron 
2.2 .3  V irtu a l W ork
The weak counterpart of (2.13) is the basis for the finite element formulation which 
is employed throughout this work to obtain approximations to the boundary value 
problem at hand. Formulated in terms of a virtual displacement rj, the virtual work 
expression states that ’’the body 38, which is subject to the body force and surface 
traction fields /  and t  respectively, is in equilibrium if and only if the Cauchy stress 
field satisfies the variational equation:
5W = f  cr : Vrjdv — f  f  • rjdv — f  t  • r)da =  0 ; V77 G V  (2-14)
Jn Jn Jan
where ^ is  the space of virtual displacements of 38.” Small strain version is essentially 
the same, except that the volume and area changes are ignored.
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2 .2 .4  L inearized  V irtu a l W ork
The weak equilibrium represented by (2.14) is generally non-linear (with the common 
exception of linear elasticity within the small strain framework); and a solution state 
can only be reached by using an iterative procedure, such as the Newton-Raphson 
scheme, which requires linearization of the virtual work equation in the direction of 
an increment Au  about a configuration 4 as:
6 W(<f)kirj) +  D5W((f)k,r])[Au} = 0 (2.15)
The body force term does not depend on the current geometry, and we limit our 
interest to tractions that do not depend on the current geometry, so, only the internal 
virtual work is linearized as:-
D5Wint((/), rj)[Ait] =  f  X7sr j : c : ( V sA u ) d v +  f  (VAu)er : Vry dv (2.16)
J n  J n
These two terms will become the constitutive and initial stress components of the 
tangent stiffness matrix after discretization. Note that the last term disappears 
under the small strain assumption.
2.2 .5  W ork C on ju gacy  and A ltern a tiv e  S tress D efin ition s
Let Sv denote an arbitrary virtual velocity from the current position of the body. 
Equilibrium requires the virtual work per unit time done on the body by the virtual 
velocity be zero, thus, analogous to (2.14), we can write the virtual power expression:
SP = j  a  : Sddv — I f ' d v d v — j  t - 5 v d a  — 0  (2-17)
J n  J n  Jon
The first term gives the internal virtual power, 5P\nt. As their product gives work 
per unit volume (per time), cr and d  are called work conjugate with respect to 
current deformed volume. Work conjugacy will be used to develop alternative stress 
definitions in the following:
Kirchoff Stress Tensor.
Using dv — J d V , the internal power term is expressed as:
SPmt = j  Jcr : SddV  (2.18)
J  Oo
the term r  =  Jcr is called the Kirchoff stress tensor and is work conjugate with d  
with respect to the initial volume.
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First Piola-K irchoff Stress Tensor.
Noting that a  : 5d =  a  : 51 =  cr : 8 F F ~ l =  <jF~t  : 8 F  because of the symmetry 
of <r, (2.18) becomes:
SPmt =  I  J ctF ~ t  : 5 F d V
J  ci0
= j  P  : SFdV  (2.19)
where, the term P  =  JcrF~T is called the First Piola-Kirchoff stress tensor and is
work conjugate with F  with respect to the initial volume. Note that F , like F  is a
two point tensor.
Second Piola-K irchoff Stress Tensor.
Recalling that d  is the push forward of E  as d = F  TE F  \  (2.18) can be re-written 
as:
=  I J c r :F ~ T5 E F - l dV 
F ~ l J a F ~ r  : SEdV
in t
J Oq
CIq
f  S  : S E d V  (2 .2 0 )
On
where, the term S  =  F ~ 1t F ~ t  is called the Second Piola-Kirchoff stress tensor and 
is work conjugate with E  with respect to the initial volume. Note that all terms in
(2 .2 0 ) are defined in the material configuration.
2.3 B oundary Value Problem
For elastic/hyperelastic bodies where the stress field exclusively depends on the 
current value of the deformation gradient (or the small strain tensor), a constitutive 
functional cr can be introduced as:
cr =  &(F(or e)) (2.21)
which is implanted into the weak equilibrium (2.14) to establish the boundary value 
problem as: ’’Given the body force and surface traction fields on the body find 
a kinematically admissible deformation such that
/  cr : Vrjdv - I f -  r)dv — j  t • rjda = 0 V77 E 'K (2.22)
J  Cl J  Cl J  dCl
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where JUand T 'denote, respectively, the functional set of kinematically admissible 
displacements and the corresponding space of virtual displacements of the body in 
question.”
Increm ental Boundary Value Problem . In cases where the stress field is path- 
dependent as well as the current value of the deformation gradient (or the small 
strain tensor), the dependence is approximated by discretization of time, so that 
the constitutive relation is replaced by an incremental counterpart, which is path- 
independent within a typical time increment [tn —>• tn+1], Path-dependence is com­
monly represented by a set of internal variables £, whose value at time step tn is 
known. Now, the algorithmic constitutive functional crn + 1  can be defined as:
<rn + 1  =  <x(£n, F n+1(or en+1)) (2.23)
so that the incremental boundary value problem is established as: ’’Given the internal 
variables at time tn, and given body force and surface traction fields at time tn+1, 
find a kinematically admissible deformation ip G JUsuch that
f  & : Vrjdv — f  f n+l • r)dv — (  t n+1 ■ r]da =  0 V77 G y  (2.24)
JQ J n J dfl
2.4 F in ite  E lem ent A pproxim ation
The functional sets J^Tand "^of the boundary value problem given by (2.22) or (2.24)
are replaced with discrete subsets within a finite element discretization, to obtain
an approximation to the boundary value problem. A wide range of references (eg
[129]) are available for a detailed account of the finite element method. The discrete 
form of the boundary value problem is formulated in terms of internal and external 
global force vectors T and ¥  as:
R = T - F  =  0 (2.25)
which are formed by assembling contributions from discrete subsets called finite 
elements. It is convenient to express the virtual work contribution of element e to 
node a in terms of internal and external nodal forces T® and F® as:
Ta = [  a V  Na dv
Jve
K  = f  f N a dv+ [  t N a da (2.26)
Jve Jdv
where N a is the shape function associated with node a. The next step is summing 
contribution of nodal forces from all elements containing node a to the virtual
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work done at node a, and then assembling forces on all nodes (1, . . .N)  to give the 
global virtual work equation as:
N  M  N  M
t = U E t « > f = U E f « (2-27)
a=1 e = l  a = l  e = l
2.4 .1  Solution: N ew ton -R ap h son  M eth od
Newton-Raphson method is used commonly for solution of systems of non-linear 
equations, and provides quadratic convergence. Note that, in presence of geometrical 
or material non-linearities, (2.25) is likely to produce a set of residuals. The kth
iteration of a typical Newton-Raphson procedure, characterized by an arbitrary
configuration (/?*,, is formulated as:
R{<Pk+i) ~  K ( < P f c )  +  K ( ( / ? f c ) [ ( 7 u ]  =  0
so that a solution Uk+i = + Su can be obtained by solving the set of linear
equations
where K  is the global tangent stiffness matrix. Let K®6 express the change in the
nodal equivalent forces T® and F® at node a, due to a change in the current position
of node b. is the discretized version of (2.16), and consists of constitutive IK® 
and initial stress K®ab components, which are given as:
KZ* =  K 'ot +  KL
K 'al =  j  VTVa D V N b dv
Jve
KL  = f (VNa -<rVNb) I d v  (2.28)
a Jve
where D is the matrix form of the fourth order constitutive tensor. Next step is the 
assembly of the tangent matrix, which will be carried out in a similar way to the
assembly of nodal forces. First, the contributions to node a from node b associated
with all elements e(l, ..M) containing nodes a and b is summed to form Ka&:
M
K„t =  J2 (2.29)
e=l
and finally contributions from all connected nodes ab( 1, ..N) are assembled to form 
the global tangent stiffness matrix:
N
K = | J  Kot (2.30)
ab=l

Chapter 3 
C onstitutive Relations
This chapter reviews continuum material models for small and large strains, includ­
ing isotropic and transversely isotropic elasticity and elastoplasticity. A process is 
physically admissible if it satisfies the energy conservation laws as well as the con­
servation of mass and the dissipation inequality. First, the mechanical dissipation
problem with the first and second laws of thermodynamics, forming the basis for
isotropic and transversely isotropic materials are well established, see eg. Daniel 
[22], Lemaitre [60] or Bonet and Wood [8 ]. The transversely isotropic hyperelastic
mic treatment of elastoplasticity is developed for small and large strains, based on 
Somer [104] and Dettmer [24]. For more information on elastoplasticity, we refer to 
Lubliner [67], Peric [92] and de Souza Neto et al. [13].
3.1 E nergy and T herm odynam ic R elations
The kinetic energy of a body occupying a region D is defined as:
inequality will be derived from the consistency requirement of the solid mechanics
all continuum models developed next. Small and large strain elasticity relations for
model is due to Spencer [108] and Bonet et al [9]. Finally, continuum and algorith-
so that,
The external power acting on the body is
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Noting that t (n )  = crn, and recalling the divergence theorem,
P =  [(div(er) +  pb) • x  +  cr : V i]  dv 
Jn
Note that, div(<r) +  pb =  px  and recall V i  =  I, so that cr : V i  =  cr : I =  cr : d  as 
cr is symmetric. Now the external power takes the form:
P =  [pi - x  + cr : d]dv 
J n
The deformation power can be introduced as the difference between external power 
and kinetic energy as:
Pd = P - K  = [  cr-.ddv 
J n
The heat flow into the body is given as:
Q =  / p r  dv — / h(n) da 
J n  Jan
Similar to the relationship t (n)  = crn, a heat flux vector h  can be defined to give 
h(n) — In n.  Thus,
Q = I pr dv — I h  ■ nda  =
J  n J  dn J  n
pr — div(h) dv
by Gauss’s theorem. The first law of thermodynamics states that there exists a state 
variable u such that
d f
—  / pudv = Q + Pd 
which yields the local energy balance equation as
p u  = cr : d  +  p r  — div(/i) (3.1)
The stress-strain relation is not arbitrary, and must be consistent with the second 
law of thermodynamics, which states that, there exists a state function p =  fj(u, d) 
(entropy density) such that p =  0 for an adiabatic process. (3.1) can now be 
rewritten as:
T p p  =  p u  — cr : d — p r  — div(h) 
by defining the absolute temperature T  by
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If the total entropy of the body is defined as S  =  f R py dv, then
pfj dv
T - l pr — di v{h) dv
Pj, -  d iv (-)  +  h  • VT dv
P7P dv h T 'OR
h ( n ) 
~ T ~
d S +  / h  • V T - 1  dv
Note that the last term in the above equation is always equal to or greater than zero, 
as heat flows from hotter to the colder part of a body. Now the global Clasius-Duhem 
inequality can be stated as:
h(n)
S
I Jn
P j  dv - T
da > 0 (3.2)
The divergence theorem may be employed to express (3.2) as:
Pi ~ P7f  + V • dv > 0
And following the standard assumption that the equation must apply to any region 
of integration, the local Clasius-Duhem inequality is expressed as
p i - P ^  + V • > 0
Combining equations (3.1) and (3.3), and employing the divergence theorem,
— p(u — Tp) + cr : d  — h
V T
~T > 0
(3.3)
(3.4)
If the Helmholtz free energy per unit mass is defined as: ip — u — Ti7 , then u — Ti] — 
ip +  Tr), so that (3.4) becomes
(3.5)
or, formulated in the initial configuration (using standard kinematic conversions and 
work conjugacy):
- p ^  + tr,) + ^ S : C - h 0 - C f  I > 0 (3.6)
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(3.5) can be expressed for small strains as:
/ Y 7T \
(3.7)-  p(4> + Trj) +  a  : i  -  h
Two sets of assumptions are introduced at this stage. Elastic deformations are 
assumed to take place place at constant (T =  0) and uniformly distributed (VT = 0) 
temperature and at any elastic strain rate. Also, thermal deformations are assumed 
to be independent of all state variables except temperature, and taking place at 
any temperature rate. These assumptions yield the dissipation inequality for small 
strains :
£) =  < 7 : e - t f > 0  (3.8)
Note that the free energy density ^  has been replaced by the strain energy function
(per unit volume). T) is called the dissipation function. The dissipation inequality
is formulated for large strains in initial configuration as:
® =  i s : C - W > 0  (3.9)
3.2 Sm all Strain  E lastic ity
An elastic body is defined as one in which the strain at any point of the body 
is completely determined by the current stress and temperature. The Helmhotz 
free-energy is a function of state variables only, so that = ^{e .T )  and the time 
derivative appearing in (3.8) is expressed as:
• dif dtp- 
^ = d ^ e + d f T
Second term disappears due to the set of assumptions yielding (3.8). Now, (3.8) 
becomes,
or,
(3.10)
which is the hyperelastic relation in small strains. When T is quadratic in e, then 
the generalized Hooke’s law relates the second order stress and small strain tensors 
linearly by means of the fourth order elasticity tensor C as
d2^
0~ij CijklEkl i C
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The elasticity tensor C has 81 components that relate the 9 components of stress to 
the 9 components of strain. The symmetry of stress and strain tensors reduces the 
number of these components to 36. The indifference of the order of differentiation in
(3.11) brings up more symmetries which reduce the number of independent constants 
of the elasticity tensor to* 2 1  for a general anisotropic material.
Contracted notation  It is convenient to represent the stress, strain and elasticity 
tensors in the contracted notation, such that:
/  >
crn
f  \
cr 1 /  >C\l
/  \
C\
& 2 2 cr 2 C22 C2
a 33 c r 3 C33 C3< > =  < > ; < > = <cr 12 (T 4 2^ 12 C4
cr 2 3 2^ 23 e5
CO
b 2^ 31 T -N
' C u n f Cn )
C  2 2 2 2 C  22
C 3 3 3 3 C 33
c  1212 2(3*44
^2323 > =  < 2(3*55
^3131 2(3*66
C ll22 c 12
^1133 C 13
,^2233 , [ c 23 J
O rthotropy An orthotropic material has three mutually perpendicular planes of 
material symmetry, which further reduce the number of independent components of 
the elasticity tensor to 9. A simplified representation is possible where the reference 
system of coordinates are chosen to coincide with the principal planes of material 
symmetry: / \
v  1 'C n C u c 13 0 0 0  '
/ \
C\
cr2 C 2 2 C 23 0 0 0 C2
V3 C 33 0 0 0 C3< crA > = C4 4 0 0
< e4
s y rn . Css 0 c 5
cr eV u / C s6 _
3.2 .1  T ransversely  Isotrop ic E lastic ity
Isotropy is defined by requiring the constitutive behaviour to be identical in any 
material direction. An orthotropic material is called transversely isotropic when 
one of its principal planes is a plane of isotropy, which yet reduces the number of 
independent components of the elasticity tensor to 5. For example, if the 2-3 plane is 
the plane of isotropy, then C12 = Cu , C22 = C*33, C4 4  = C6 6  and, C55 = {C22- C 23) / 2 ,
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so the constitutive relation takes the form:
'C n Cl2 Cv2 0 0 0 '
f  \
el
^2 C22 C 23 0 0 0 £2
03 C 22 0 0 0 e3
cr4
> —
C44 0 0
<
6 4
^5 sym. C 22-C 232 0 5^
cr eV u / C 44 6 6  k u/
3 .2 .2  Iso tro p ic  E la stic ity
For an isotropic material C13 =  C2 3 =  C1 2 , C2 2  =  C3 3  =  Cn , and C4 4  =  C5 5 =  
C m  — [ O n  — C i 2) / 2 , s o  only two independent components are required to define the 
relationship:
/  >
01 'Cn C12 0 \ 2 0 0 0
f
el
0 2 Cn 0 \ 2 0 0 0 e 2
®3 Cn 0 0 0 63< O4 > = ^1 1 - ^ 1 22 0 0
< ,4
5^ s y m . C \ \—C\22 0 £5
0~6 C1 1 - C 122 J , e6,
3 .2 .3  L ink to  E n gin eerin g  C on stan ts
The components of the elasticity tensor are expressed in terms of the Young’s mod­
ulus E  and Poisson’s ratio v as:
Cn  -  
C22
C33
C2 3  —
13
1  — 2^3^ 32
F/2 F/3 A
1 ~  ^  13^31
E 1E 3A  
1  — ^1 2 ^ 2 1  
E 1E 2A
C ^ 2 1  +  ^31^ 23 ( o u ,
C l2 “  £ 2£ 3A  (3 1 4 )
3^2 +  1^2^ 31
F 4 F 3 A
1^3 +  1^2^ 23
C " ’  EtE2A
C44 - -  G 1 2 ; C 5 5  =  G 23 ;  C 6 6 =  C 3 1
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where,
A  =
1
1 — 1/ 2i — V 3i
— ^ 1 2  1  —^ 32
—I/ 13 —^ 23 1E 1E2E3
and =  Ej * v^/Ei.  Note that, for an isotropic material
E \  =  E2 — E% =  E  
^ 1 2  — ^ 2 3  — ^ 3 1  — v 
G \2 — G23 — G31 -
E
2 ( 1  Piy)
so that (3.13) becomes: 
E{l-y)/  \
®2
> =
cr4
^5
<7qv
Ev E v
( l + v ) ( l - 2 v ) ( l + v ) ( l - 2 v )  
E( l — v) 
( l + v ) ( l - 2 v )
sym
( l + v ) { l - 2 v )
E v
( l + v ) ( l ~ 2 v )
W-v)
( l + v ) ( l - 2 v )
2 ( l + v )
2 ( l+ i / )  _
/  \
^1
e 2
e 3
< >
e4
e 5
\  u
(3.15)
whereas for a transversely isotropic material with the 2-3 plane as the plane of 
isotropy,
E  —  Eo —  E3 —
G — G23 =
^ =  2^3
E
2 ( 1  + 12)
7^
7^
7^
E a = Ei 
V A  =  ^13 — ^12
(-M — ^13 — G+ 2
so that (3.12) becomes: 
’El(v-l)/  \
(7\
(72
, a 3 > =
cr4
^5
<7q \  U /
 EAE&Ev, EaEvz— A
E { E v \ - E a ) 
k{ 1+v)
sym
E ( E v2 a+ E a v)
k ( l + v )
E { E v \ - E A )
k ( l + v )
0 0 0 f  \
0 0 0 €2
0 0 0 < £3 >
G U 0 0 £4
E
1
e 5
2 (1+ 1/)
, e 6 >
(3.16)
where k — E a (v — 1) +  2Ev\.
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3.3 Large Strain  H yp erelastic ity
For large strains in the initial configuration ip = ip(C, T), and
Inserting this into (3.9),
/' -  _i_ ^ L ' r
d C  dT
1  <94/
2 S ~ d C  1 : C  =  0
or,
dV
S  = 2d C  3^ '17^
Note that since the relationship between S  and C  is non-linear, it needs to be
linearized in the direction of an increment u  for use within the framework of the
Newton-Raphson procedure. The elasticity tensor now relates the linearized tensors:
1  d S  4d2}&
DS[u] = -C  : DC[u] ; C = 2 —  =  ^  (3.18)
3.3 .1  Iso trop ic  H y p ere la stic ity
To satisfy isotropy, the relationship between 4/ and C  must be independent of the
material axes, thus 4/ must only be a function of the invariants of C, i.e. 'k =
^ ( / i ,  U j I3 ), so that (3.17) becomes:
„  <9T dll d $  d l 2 n <9T d l 3
W 1 d C + W 2 O C + W 3 d C  *■ ■
Invariants of C  with their derivatives with respect to C  are given as:
ST
h  =  tr[C} -  C  : I  \ = I
h  =  C  C  ; =  2C (3.20)
h  = de t (C ) =  J  ; =
(3.21)
so that the Second Piola-Kirchoff stress is now found as:
<94/ d t y  n<94> .
S  = 2— 1 +  4——C  +  2 J 2 — -C ~ l (3.22)
oil d l2 C/I3
Note that in the current configuration 4/ is a function of the invariants of 6 , and 
relates cr and b as:
. 3 *  , ^ . 8 * .  ,
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Com pressible N eo-H ookean M aterial M odel Several material models defin­
ing the relationship between T and invariants of C  are available, however, attention 
will be focused on the Compressible Neo-Hookean type throughout this work, for 
which the strain energy is given as:
^  =  +  (3.24)
where J 2 =  I 3 . The derivatives with respect to the invariants of C  are given as:
a 
2
0 (3.25)
gfr d j  
J l d T s
where // and A are the material constants. The second Piola-Kirchoff stress for this 
material model is found by inserting the above equations into (3.22):
S  =  t i(I  - C “') +  A J(J - l ) C - ‘ (3.26)
The Lagrangian elasticity tensor C is found by taking the derivative of the above
equation with respect to C  as:
C = XJ(2J -  1 )CT 1 ® C " 1 -  2[/Li -  XJ(J -  1 ) ] - ^  (3.27)
C/O
To complete the material model in the current configuration as well, the Cauchy 
stress and the Eulerian elasticity tensor are found to be:
<t =  ^ ( 6  -  / )  +  \ ( J  -  1 ) 1  (3.28)
u
and
c =  \ J ( 2 J  -  1)(J ® I )  +  - (n -  XJ(2J -  l))i (3.29)
u
where i =  in indicial notation.
3.3 .2  T ransversely  Isotropic H yp erelastic ity
A matrix material reinforced by a single family of fibres can be considered trans­
versely isotropic on the macroscopic scale as long as the fibres are aligned and nearly
d h
d h
dT
d h
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homogeneous in their distribution. In addition to the three invariants of C,  two ad­
ditional pseudo invariants I4 and / 5 are required to define the strain energy function 
=  \& (/i, / 2 , 1 3 , h ,  I 5 ). Let A  and a denote vector fields which define the fibre 
direction in the initial and current configurations respectively. The deformation 
gradient relates these vector fields as:
a = F A  (3.30)
Aa is the stretch of the fibres, and defines the first pseudo invariant as:
I4 = Xa = a - a — A  • C A  (3.31)
The other required invariant is defined as
J 5 =  A  C 2A  (3.32)
We refer to Spencer [108] for further details. Note that the derivatives of the invari­
ants with respect to C  are given as:
A ®  A
A  0  C A  +  C A  0  A
dU
d C
d h
d C
Due to Bonet et al. [9], it could be assumed that the strain energy function could be 
decomposed into fully isotropic and orthotropic transversely isotropic components, 
i.e 'P = T iso(/i, / 2, 73) +  \tqrn(/i, / 2 , 1 3 , 1 4 , 1 5 ). It follows that the Second Piola- 
Kirchoff stress tensor could also be decomposed similarly as S  = SiS0 +  S tTn where,
_  9
&  iso  — d C
q    nd ^ t rn
* trn ~  d C
Similarly, the elasticity tensor becomes C = CiS0 +  Ctrn• Note that the compressible 
neo-Hookean material potential defined in (3.24) can be employed for the isotropic 
part. For the transversely isotropic part, we adopt the potential proposed in [9]:
<Ztrn = [a +  P In J + 7 ( / 4  -  l ) ] ( / 4  -  1 ) -  |  ( h  -  1 ) (3.33)
from which we derive the transversely isotropic component of the second Piola- 
Kirchoff stress as:
Stm = 2(3(IA- l ) C - 1+2[a+2(3\n J + 2 7 (/4 - l ) ]  A 0 A - a ( A 0 C A + C A ® A ) (3.34)
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The corresponding elasticity tensor follows as:
C trn =  87  A  0  A  0  A  0  A  + 4/3 (A 1 + C  1 0  A 0  A)
d C - 1- a A  — 4/3( / 4 -  !)■
d C
(3.35)
where A%jki — AiAiSjk +  SikAjAi. For completeness, the spatial counterparts are 
given as:
J&tm =  2/3(74  — 1)1 +  2[cx. + 2/3'In J + 2 7 ( / 4 — l)]a 0 a  — a(a  0  ba + b a 0 a) (3.36) 
and
«7ctrn =  8 7 a  0  a  0  a  0  a +  4/3(a 0  a  0  7 + J  0  a 0  a)
—a a  — 4/3(74 -  l) i (3.37)
where ai3ki = aiatbjk +  bika3ai
3 .3 .3  P aram eter  id en tification
It is tempting to express the isotropic and transversely isotropic material models 
in terms of familiar engineering constants. This can be achieved by linearizing SiS0 
and Stm  to yield the linear elastic matrices D i SO) D trn and comparing the elasticity 
matrices with their small strain counterparts (3.16) and (3.15). We refer to Latif et 
al. [59] for details of linearization. Expression (3.26) is linearized to give the stress 
term for small strain isotropy as:
<j Iso = 2/ie +  Xtrel  
which reveals the linearized elastic matrix D iS0 as:
A -f 2 fj,
7) ic o  —
(3.38)
A A 0 0 0
A T 2 fji A 0 0 0
A T 2 fi 0 0 0
p 0 0
sym,. F 0
(3.39)
(3.34) is linearized to give the stress term for small strain transverse isotropy as:
crst*n =  2/3(e  : M ) I  + [2(3tre +  8y(£ : M ) -  4a e \ M
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Following the convention of (3.16), we assume the 2-3 plane as the plane of isotropy, 
where A  is given by [1 , 0 ,0]T, so that the combined linearized elastic matrix D i S0+trn 
takes the form:
D iso+trn
A -j- 2 // +  8 (3 -f- 8 7  — 4a A -(- 4j3 A -f- 4(3 0 0
A +  2 /i A 0 0
A +  2/i 0 0
sym.
0  
0  
0
/i — a  0  0
/i 0
y  — a
(3.40)
Comparison of D i SO+tm  with (3.16) reveals the material parameters as follows:
E
y
X =
(3 =
a. -
2 ( 1  +  v)
E ( E v \  +  E a v) 
k( 1  +  v)
E ( E u2a -  EA(uA -  v  +  v a v ) )
E
2 (l +  i/)
4k(l  +  v) 
-  G a
7 =  1} -  [A +  2^ +  8 /? -  4a]) (3.41)
where k = EA(v — 1 ) +  2E v \ .  Note that in case of isotropy, a, (3 and 7  vanish, and 
A becomes:
A =   ------- ^ — —  (3.42)
(1 + z/)(l — 2i/)
which could also be confirmed by comparing D iSO with (3.15).
3.4 Sm all Strain  E lasto -P lastic ity
The current strain state at any point of the body undergoing inelastic deformations 
is not completely determined by the current stress and temperature. The behaviour 
of most engineering materials is nearly elastic within a certain range of stresses, but 
history dependent outside that range. A similar range for temperature exists as 
well, outside of which the behaviour becomes highly non-linear and rate-dependent. 
Here, attention will be focused on rate-independent plasticity only.
In rate-independent plasticity, the stress strain relation is assumed to be in­
dependent of the rate of straining. Furthermore, in addition to the current state 
variables, the past history of loading affects the current equilibrium, which can be
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represented by a set of internal variables. In modelling rate independent plasticity, 
internal variables are often assumed to consist of the plastic strain tensor and an 
additional variable k, called the hardening variable. Moreover, rate equations of k 
and the plastic strain are interrelated.
It is commonly assumed that the small strain tensor can be decomposed into 
elastic and plastic components:
£  =  £ & +  £ P] £ e =  £  — £ V
Note that relation above is also valid in rate form as:
£ e =  £  —  £ P
The time derivative appearing in (3.8) is expressed as:
■ 0 ^  v ^ ( 9 T -
4/ =  -----£ H------T + >  — £kd£e dT
d * . a v . d-$ ^  ^  d *  _
- d ^ £ ~ d ? s +wT+^ wA  ( }
Admitting no change in temperature for elastic deformations T  = 0 and inserting 
this expression into (3.8):
,3 -44)
3.4 .1  E lastic  C o n stitu tiv e  E quation
Inequality (3.44) must be valid in case when no plastic deformation is present, so 
that the elastic part of the constitutive relation reads:
d®* = -  (3.45)
The dissipation inequality then reduces to:
j> =  tr : > 0 (3-46)
3.4 .2  G enera lized  F low  P oten tia l
Define = p ^ -  as the thermodynamic force conjugate to A convex dissipation
potential LI = f2 (cr, T, £) is assumed to depend on stress only through the thermo­
dynamic forces conjugate to It is further assumed that
• dLl
S k ooqk
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which represents the hypothesis of generalized normality. It can be shown that
*=S  <3-47)
Now the dissipation inequality becomes
dO
d a  ^  ™ dpk
■  r — \  dLl
3 .4 .3  M ax im u m  D issip a tio n
The associative evolution equations in plasticity arise as a result of the postulate of 
maximum dissipation which characterizes the actual state (cr, q) as the one among 
all possible admissible states (<r*, q*) leading to maximum dissipation for prescribed 
rates of deformation:
(cr -  cr*) : i p +  (q -  q*)£k > 0
3 .4 .4  A sso c ia tiv e  F low  R ule
The normality rule, which is a consequence of the postulate of maximum dissipation, 
states that if the above inequality is to be valid for all cr*, then i p must be directed 
along the outward normal to the yield surface, which is defined by Thus,
recalling (3.47), the yield criterion itself can be employed as the flow potential, 
and the normality rule is also called a flow rule that is associated with the yield 
criterion, or briefly, associative flow rule.
3 .4 .5  D er iv a tio n  o f th e  F low  R ule
The problem is to find the thermodynamical forces that render a maximum rate of
dissipation for any material state, and at the same time satisfy the yield criterion.
The only internal variable is k . The dissipation is expressed as:
t)  = a  : i p — qk (3.48)
and will be solved by augmenting the dissipation function with a Lagrange multiplier 
term A such that:
t ) L(a,q,  A) =  - t ) ( a ,q )  +  A$(<r, q) (3.49)
which gives the stationary condition for '&i  as:
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so that the flow equations emerge as the solution to the maximization problem:
• <9$
<3-5°)
• d§
k = - A -  (3.51)
subject to the Kuhn-Tucker, or the loading/unloading conditions:
A > 0 ; <f> < 0 (3.52)
Also,
which implies:
A$ =  0 (3.53)
The consistency condition also follows as:
A<£ =  0 (3.54)
It is apparent in the above formulation that defines the direction of plastic 
straining, whereas A defines the size.
3.4 .6  T h e von  M ises Y ield  C riterion
The von Mises yield criterion for isotropic yielding states that plastic deformation 
occurs when the maximum octahedral shear stress reaches its critical value given 
by the yield stress in shear (or ^=). As the distortional energy is directly related 
to the maximum octahedral shear stress, this yield criterion is also known as the 
distortional energy criterion. The von Mises yield criterion is shown graphically 
in Figure 3.1 in the principal stress space. The yield surface is the surface of the
cylinder defined by the axis G\ — (j2 — 0 3  and radius \ J \ g y - Note that the pressure 
component of the stress does not influence yielding. The von Mises yield criterion 
can be mathematically expressed as:
d> — y j 0-dev • ^ d e v  _  \  - ( J y  ( 3 .5 5 )
Note that the admissible stress has to be on or within the elastic domain defined by 
the yield surface (<F < 0 ).
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Hydrostatic Axis 
/  = a2 ~
-Yield Surface
Deviatoric Plane
(J\ + o<i + 0 3  = 0
Figure 3.1: Representation of the von Mises yield criterion in principal stress space
3 .4 .7  H ard en in g  R u le
Due to its simplicity, isotropic linear hardening will be employed in this work where
applicable. In linear hardening, the hardening function q is assumed to be a linear
function of the hardening variable k as
q = H k, (3.56)
where H is called the hardening modulus. Evolution of the elastic domain is given 
as
oy  =  cr0 +  I  (3.57)
where cr0  denotes the yield stress of the virgin specimen.
3 .4 .8  F low  E q u ation s for von  M ises Y ie ld  C riterion
The elastoplastic model given by equations (3.45), (3.50), (3.51), (3.52) and (3.53) 
is now complete. To finalize, the flow rule (3.50) is subjected to von Mises yield
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function (3.55) to give :
(3.58)
Note tha t n  is the unit normal to the yield surface.
(3.59)
Two more important relationships are derived from (3.58) and (3.59). Note that A 
defines the magnitude of plastic strain as n  is the unit normal, so that:
(3.60)
Also, the relation between rates of plastic strain and hardening variable is revealed, 
so that the hardening variable can be named the equivalent plastic strain as:
3 .4 .9  T im e Integration: S im ple Backw ard Euler Schem e.
Consider the first order differential equation x = f(x).  with the initial value x(0) =  
x 0. Time integration of this equation with a numerical scheme provides approximate 
solutions xn x( tn) at discrete points of the interval.
The class of algorithms known as generalized midpoint algorithms are commonly 
employed for time integration of elastoplasticity problems. The generalized midpoint 
algorithm, applied to the above defined differential equation gives:
Note that implicit algorithms are unconditionally stable even for large time steps. In 
this thesis, attention will be focused on the backward Euler scheme which becomes:
(3.61)
xn+1 =  xn + A t f ( x n+e)
x n+0 =  gx n+l +  ^  _  g y *
The choice of 9 yields some well known time integration schemes as:
e = i
9 =  0 => Forward Euler Rule (Explicit) 
=> Midpoint Rule (Implicit)
=> Backward Euler Rule (Implicit)
xn+1 = xn + At  f { x n+1
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For a differential equation of the form x  = Af (x ) ,  the approximation AA = AtX  is 
adopted, and the backward Euler scheme now reads:
x n+1 = x n + AX f { x n+1) (3.62)
which is used to numerically integrate (3.58) and (3.59) to give the incremental 
version as:
gP = gpn + A X ^ =  (3. 63)
V  s : s
K =  k" +  w |a A  (3,64)
For simplicity, all expressions without subscript will refer to n +  1 in the remaining 
part of this section. Note that (.)pn refers to the plastic component of (.) at time 
tn.
3 .4 .10  S tress U p d a te
The aim is to update the current stress in the frame given by the above equations.
The total strain e is provided by the global Newton-Raphson procedure. Also the
plastic strain epn and the equivalent plastic strain Kn from the previous step tn are 
known.
The solution will be carried out in two distinct steps, known as Elastic Predictor- 
Plastic Corrector.
Elastic Predictor. Plastic flow is frozen at tn to yield a trial elastic state given by:
(3.65)
(3.66)
(3.67)
Note that, if the step is purely elastic 4 >tnal < 0, above equations completely deifine 
the stress state and no further action is necessary. However, if <f>tnal > 0, this state 
is physically inadmissible and requires further correction.
tr ia la
^  tr ia l
a tr ia lY
=  2(j.(e — epn)
—  y j ^ tr ia l  • g t r ia l   
=  <70 +  H n n
- < T
tr ia l
Y
CHAPTER 3. CONSTITUTIVE RELATIONS 47
Plastic Corrector. The plastic corrector phase, is given by equations:
„ tr ia l
S = s trial -  2/j.AX  , (3.68)
y/ g t r i a l  ■ g tr ia l
a>trial
AA = —  ttt (3.69)
2 M 1  +  ^ )
Note that the explicit expression of AA is only possible in case of linear hardening. 
Otherwise, a Newton-Raphson procedure should be employed to solve for AA.
3 .4 .11  C on sisten t Tangent M odulus
The consistent tangent modulus Cep is obtained by linearizing the stress given by 
(3.68):
Cep =  K I 0 I  + 2fif3(X -  i j  ®  I)  -  2 A i 7 ( n t r i a l  ® n t r i a l )  (3.70)
0  =  1 -  2 M A
y/ s trial -.trial
7
Note that if the stress state is elastic, the consistent tangent modulus reduces to the 
elasticity tensor C. See Appendix A.2 for derivation of the modulus.
3.5 Large Strain E lasto-P lasticity
The multiplicative decomposition of the deformation gradient F  into elastic F e and 
plastic F p components is commonly accepted as:
P  _  £TepP
As shown in figure (3.5), F p maps the particle in the initial configuration on to 
a stress free intermediate configuration, which is then mapped on to the current 
configuration by F e.
TElastic and plastic components of right Cauchy tensor emerge as C e =  F e F eT • p — 1
and C p = F p F p. Also, the plastic velocity gradient is defined as lp — F  F p . 
Following kinematic relations will be used:
C" = F pT  C F V ' ; C  =  F pTC eF p 
C e = F ^ C F ”' 1 -  ( lpTC ‘ + C elp )
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Current
Configuration
Initial
Configuration
Intermediate
Configuration
Figure 3.2: Multiplicative Decomposition
The Helmhotz free energy is now a function of elastic strain, temperature and in­
ternal variables as (ifi =  ip(Ce, T , £*)), and the time derivative appearing in (3.9) is 
expressed as:
• d T  • d  i p -  d U  ■
*  =  i ^ ' - c  +
d 'i    - ti d 'V
: F" C F P -  — —
,T
d C e d C
+  ( 3 ,1 )
Two terms will be defined at this stage. The plastic deformation rate dp =  | ( / 7' + / /;) 
is the symmetric part of lp. Note that definition of dv is not unique, see Lubliner
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[67] for further information. The Mandel stress, AT, is defined in Dettmer [24] as:
<94>
M  = 2— C e (3.72)
Mandel stress is associated with the intermediate configuration, and its relation with 
is given below:
<94* -i M  = F P2-— - C F P 
oC
the first term in the time derivative 4/ is:
-i <94/ - t • <94/
F v ~— F p . C  = —— : Cd C e d C
so that 4/ now becomes:
Admitting no change in temperature for elastic deformations T = 0 and inserting 
this expression into (3.9):
® = 5 5:C^ ! § :6+M:dP + £ f | 4 - 0
or,
(3-73)
3.5 .1  E lastic  C o n stitu tiv e  E quation
Expression (3.73) must be valid in case when no plastic deformation is present, so 
that the elastic part of the constitutive relation reads:
<94>5  =  2 -  (3.74)
3.5 .2  Iso trop ic  E la stic ity
In case of isotropy, 4f(C e) is a function of invariants of C e, which are expressed as 
IXe =  tr[CCp~ \  / f  =  t r [C C p~lC C p~l] and Jf =  det(C) . Now (3.74) becomes:
^  o  d h  n d'L d l l  n <94^ d t t
d l v  d C  +  d K  d C  +  dIS d C   ^ ^
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where
so that
d/r _
d C
dll -1 a c ^ c c ”-1
—  -  G GC + G .  ^
d l l  
d C
d _ - i  . £4/ ________ _ <9$
OTeai* = J2c~ l
S  = 2 - - C p + 4 - ~ C P C C P +  2 — J  C  (3.76)
o i l  o i l  Oil
a Neo-Hookean type compressible material model will be adopted, which is defined
as:
*  = f (Ae - 3 ) - ^ l n J  +  ^ ( ln J ) 2  
so that the derivatives with respect to the invariants of C e are given as:
<94/ il d 'P
aTf =  2  ’ a7f (3'77)
<94/ <94/ <9J
d l l  dJ  d l l
/ A In J  /x x 1
J  J  2J
=  (3.78)
Finally, the expression for the second Piola-Kirchoff stress emerges by inserting 
(3.78) into (3.76) as:
5  =  //C ' ' " 1 +  (A In J -  /z)C_I (3.79)
3.5 .3  Y ie ld  C riter ion
von Mises yield criterion in the large strain regime is expressed as:
<£ _  ^Tdev ; 7 <iev _  \ j ^ ( J Y 
Note that (See Appendix A .l for a proof)
y j A f d e v  ; M d e v  —  y / T ^ e v  : 7 < lev
such that the yield criterion can be expressed as:
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3.5 .4  D er iva tion  o f th e  F low  R ule
Inequality (3.73) now reduces to:
® =  M  : dP + y ;  | | &  > 0  (3.81)
Following the small strain argument for the postulate of maximum dissipation, an
associative flow rule can be developed using the yield function as the flow potential, 
which states that plastic strain must be directed along the outward normal to the 
yield surface, which is defined by or The problem is to find the thermo­
dynamical forces that render a maximum rate of dissipation for any material state, 
and at the same time satisfy the yield criterion. The only internal variable is k . 
Noting that dP =  \ F P C VF p , the dissipation is expressed as:
2) =  M  : H p~TC PF p~' -  qk (3.82)
and will be solved by augmenting the dissipation function with a Lagrange multiplier 
term A such that:
2>l (M , q, A) =  -2>(Af, q) +  Ai>(M, q) (3.83)
which gives the stationary condition for £)L as:
1  _ T  •  T) — 1 *
6T>l = ( - - F p C  F p + A— ) : 6 M  + (k +  A— ) : Sq + $<5A
2 o M  oq
so that the flow equations emerge as the solution to the maximization problem:
I f p~t C pF p~' =  => C P = 2XF”TP P - F p (3.84)2 d M  d M
■ d$
k -- —A—— (3.85)
oq
$  = 0 (3.86)
subject to loading/unloading Conditions outlined in (3.52) and (3.53)
3.5 .5  F low  E q u ation s for von  M ises Y ield  C riterion
The large strain elastoplastic model in initial configuration given by equations (3.74), 
(3.84), (3.85), (3.52) and (3.53) is now complete, only the flow equations need to 
be applied to the von Mises yield criterion. The flow rule (3.84) is subjected to von 
Mises yield function (3.80) to give :
• p  • t  d$  ■ [CSldevC  = 2AF p T— =Fp = 2A C p (3.87)
d M  J t r [ C S C S ] -  l t r 2CS]
Note that (3.59) is valid in the large strain regime as well.
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3 .5 .6  T im e In tegration : B ackw ard  E uler E x p o n en tia l M ap.
Consider the first order scalar differential equation x = f{x)x .  with the initial value 
x(0 ) =  x0, for which the exact solution is given as:
x(t) = exp^J^ f ( x ( t ) )d t ^ x 0
The integral in the exponent can be approximated by the backward Euler scheme 
for any tn < t to give:
x(t) = e x p ^ A t f ( x ( t ) ) Sj x n
if the solution at xn is known. The scalar differential equation is now transformed 
into tensor valued case as 4  =  /(A)A, which yields:
A(t)  = exp ^ A t  f  (A)^j A n
In a similar fashion to the previous paragraph, the approximate solution of the 
differential equation of the form A  =  A f ( A ) A ~ l A ,  with the approximation AA = 
A t \  reads:
A  = e x p ( A \ f ( A ) A ~ 1J A '
The exponential term can be expanded in a series to give:
/  \  A A 2 A \ 3
e x p { A \ f ( A ) A - 1j  =  I  + A X f A ~ l + — / A ’ 1/A " 1 +  — f A ^ f A ^ f A ' 1 +...
so that the approximate solution to the differential equation A  = A f ( A ) A ~ l A  
becomes:
/  A  \ 2 A \ 3  \
A  = ( i  + A X f A - 1 + — f A - ' f A - 1 + — f A - ' f A - ' f A - 1 + ...J A n
or, after some manipulation:
A A 2  A A 3
A  =  A ( A n)~1A  -  A X f  -  - y - f A - ' f  -  - g p / A - ' / A - 1/  -  ... (3.88)
this integration scheme can be shown to preserve the plastic volume within time 
steps. As for small strains, for simplicity, all expressions without time superscript 
will refer to n +  1  in the remaining part of this section. Also, note that (.)pn refers 
to the plastic component of (.) at time tn. The incremental version of evolution 
equation for C p can now be derived from the constitutive evolution equation and
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the backward Euler exponential map (3.88)as follows:
Let,
f [ C ,  S ( C ,  C p)\ =  2  ■ [C'.S Ide.V—  C p 
J t r [ C S C S ]  -  |« r2[CS]
Then the evolution equation for C p reads:
C f  = X f  => C f  = A f ( C p)~lC p 
and the incremental backward Euler exponential map becomes:
C p =  e x p { i \ \ f ( C p) A c pn (3.89)
and after expanding in a series:
AA2 AA3
C p =  c p(Cpn)~1Cp -  AA f  -  - y - f ( C PY xf  -  ^ r / ( C f,) - 7 ( C p) - 1/  - ... (3.90)
or,
AA2 AA3
R p = c p -  C p(Cpn)~1C p + A X f  -  —j - / ( C > T 7  + — - f { C p) - ' f C p~l f  + ... =  0
(3.91)
Incremental version of the evolution equation for k is derived using (3.62) as:
K = Kn + J ^ A X  (3.92)
and,
S  =  /zCp _ 1  + (A In J - ^ C - 1 (3.93)
AA > 0 ; $  < 0 ; AA<f> =  0 (3.94)
3 .5 .7  S tress U p d a te
The aim is to update the current stress in the frame given by the above equations.
The total strain C  is provided by the global Newton-Raphson procedure. Also the
plastic strain C pn and the equivalent plastic strain ku from the previous step tn are 
known.
The solution will be carried out in two distinct steps as before.
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Elastic Predictor. Plastic flow is frozen at tn to yield a trial elastic state given by:
ttr ia l =  n ( C pn)~1 + { \ \n  J  -  n )C - 1
$ tr ia l =  y  f r [C S trialC S trial] -  i< r2[C S trlal
o f ial =  <T0  +  ?(«")
(3.95)
(3.96)
(3.97)
Note that, if the step is purely elastic <|>tnal < 0, above equations completely define 
the stress state and no further action is necessary. However, if 4 >tnal > 0, this state 
is physically inadmissible and requires further correction.
Plastic Corrector. Because of the high non-linearity involved, it is not possible 
to derive an explicit expression like (3.69). However there are six equations given 
by (3.91), and the additional condition that =  0, i.e.,
$ tr[CSCS]  -  i« r 2[CS] -  T a y  =  0
< T y  =  <To +  q(k )
(3.98)
(3.99)
so that there are seven equations to solve the seven unknowns C p and AA. Note that 
AA will be found instead of k as it appears in all equations and k can be directly 
evaluated from (3.92) once AA is known. Standard Newton-Raphson procedure for 
this system of equations reads:
SCpn
$Cp22
fiCp33
25Cpi2
2SCp23
28CP3\
- R f
> =  <
S A X
V /
(3.100)
or,
W 7X 1 + [ ^ ] 7 X 7 - W 7X 1 = 0  (3 -1 0 1 )
The iteration process starts with initial values C p — C pn and A A =  0. The matrix 
equation (3.100) is then solved for the unknowns SCP and S A X .  At the end of each 
kth iteration, C p and AA are updated as:
c l+1  =  c l  +  8 C P , AAfc+1 =  AAfc +  S A X
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until the norm of the 7 x 1  residual vector is below a specified tolerance value. The 
terms appearing in (3.100) are given as:
odp AA2 AA3
—  =  f - A X f C p~ ' f  + — f C p~1f C p^ f  + — f C p" f C p"f{Z.102)
<94> [2 dq 8 k, 2
=  — H
dAX  V 3 8 k  dAX  3
<9$ d ||[C S ]dev|
(3.103)
8 C P d C p
8 R p _  „  A , ,  AA2 , AA3 AA4 ,
-Qgt =  T - T 8  + N \ f  — A i  + —jr - A i i  + - ^ - A n i . . .  (3.104)
where,
d C p(Cpn)~1C p 8 f C p 1 f
~  8 C p ’ ~  8 C V
. _  ‘i f C p ' f  C  f  . d f C p~ ' f C p~1f C p~ ' f
A n  dCP  , A m  d c P
and so on... Derivatives of S  with respect to C  and C p emerge from (3.93) as:
9 S = ^  (3-105)8 C P ^  8 C P
g  =  > C - a _ ( A l n J _ ^  (3.106)
3.5 .8  C on sisten t T angent M odulus
The consistent tangent modulus Cep for large strains, given as:
8S(C ,  C p, AA)
Cep = d c —  ( 3  0 }
needs to be computed for the global Newton-Raphson procedure. See Appendix A.3 
for the derivation of the modulus.

Chapter 4
Small Strain Computational 
Hom ogenization
The class of multi-scale solid mechanics problems with which this work is con­
cerned is characterized by a conventional equilibrium boundary value problem at 
the so-called macroscopic scale, where the constitutive response at each point of 
the macroscopic continuum is defined in a non-conventional way by homogenizing 
the response of a Representative Volume Element (RVE) that models the material 
micro-structure at that point (see Figure 4.1).
The RVE itself is modelled as a conventional (generally dissipative) continuum and
micn>scale)/macroscopic.
continuum
(macro-scale)
Figure 4.1: Macro-micro transition 
the macroscopic stress and strain tensor are volume averages of their so-called mi-
57
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croscopic counterparts over the RVE.
The kinematical variational foundation formulated by de Souza Neto and Feijoo [16] 
proposes a clearly structured axiomatic framework based on the following principles:
• equilibrium of the RVE,
• Hill-Mandel principle of macro-homogeneity [48, 69],
• volume averaging of stress and strain tensors, and,
• assumption that the space of kinematically admissible RVE displacement fluc­
tuation fields is a subspace of the space of minimally constrained displacement 
fluctuations compatible with the strain averaging hypothesis.
One outcome of [16] is that, some commonly used classes of boundary conditions of 
the RVE, namely uniform displacements, uniform tractions and periodic displace­
ments with anti-periodic tractions, are merely defined by the choice of the functional 
space of virtual displacements. The variational statement of Hill-Mandel principle 
of macro-homogeneity [48, 69] causes the body forces and surface tractions to be 
merely reactive to the prescribed RVE kinematical constraints (implicit in the choice 
of the functional space of virtual displacements). As a consequence, eg. the uniform 
boundary tractions are not prescribed (as in [76]), but are the natural response of a 
minimally constrained RVE.
In this Chapter, we will develop a theoretical and practical framework for the multi­
scale or micro-macro analysis of solids for small strain problems. We will start 
by defining the boundary value problem at the macro scale. Then, we will develop 
the homogenization theory based on averaging of stress and strain tensors at micro 
scale -from which a family of kinematical constraints are derived-, complemented 
by the Hill-Mandel principle. Next, the time and space discrete models will be de­
veloped, where the kinematical constraint is imposed on the RVE boundary by a 
unified master-slave type approach, through displacement fluctuations. The most 
limiting boundary constraint is set by imposing zero fluctuations, resulting in linear 
deformations at the RVE boundary. The minimal constraint is set by the volume 
averaging, and yields uniform tractions at the RVE boundary. Periodic deforma­
tions at the RVE boundary are obtained by declaring equal fluctuations on mirror 
image pairs, where the boundary tractions are anti-periodic. The master-slave type 
dependencies are incorporated into a direct method (as by Michel et al. [75]) to solve 
the micro equilibrium problem efficiently, where the number of unknowns is mini- 
malized. Alternatively, use of Lagrangian multipliers have been suggested by Miehe 
[77, 79]. The equilibrium state is used to compute the homogenized response of the 
RVE, which is then fully linearized and formulated in terms of these dependencies,
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so that asymptotically quadratic convergence of the macro equilibrium problem is 
achieved.
Finally, two numerical examples are provided for verification of the framework for 
the areas of prospective application: single RVE homogenization and fully coupled 
two-scale analysis.
4.1 M acroscopic Boundary Value Problem
The macroscopic equilibrium problem consists in finding a kinematically admissible 
displacement field u  E  JfC 1 such that
[  a - . V r f d V — I  b - r j d V — j  i - r j d A  = 0 V77 E y , (4.1)
Jn Jn Jan
where & is the macroscopic stress tensor, b and t are, respectively, the prescribed 
body force per unit volume, and the boundary tractions per unit area. The domain 
of the macroscopic continuum is denoted Cl and Jtf and Y  denote, respectively, 
the functional set of kinematically admissible displacements and the corresponding 
space of virtual displacements of the body in question. At any time £, the stress at 
each point x  of the macro-continuum is assumed to be delivered by a constitutive 
functional Z? of the strain history £l(x) at that point up to time t:
&{x, t) = y{£l(x)) =  #([Vsii(£ ) f ), (4.2)
so that the first term in (4.1) is a functional of the solution u:
[y { [S / su(x)}1) : V 77 dV. (4.3)
Jn
In a conventional (single-scale) analysis, the constitutive response represented by 
(4.2) is typically described by internal variable-based dissipative theories, such as 
the elasto-plastic models outlined in Chapter 3, where the stress was obtained by 
integrating a set of ordinary differential equations in time for the given history of 
the strain tensor. Numerical approximations in time to problem (4.1) were obtained 
by using Euler-type difference schemes to integrate the constitutive equations of the 
model. Numerical schemes of this type result in an incremental constitutive relation 
such that, for a typical time interval [tn, tn+1], with known set of internal variables 
at £n, the stress &n+1 at tn+1 is a function of the strain tensor en+1:
d-n + 1  =<r(£n+\ £ n). (4.4)
lrThe superimposed bar is used in this work to emphasize that the corresponding mathematical 
entities are associated with the macroscopic continuum.
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The introduction of the incremental constitutive function (4.4) in (4.1) results in 
the incremental version of (4.1) which consists in finding an admissible displacement 
field u n+1 such that
[_&(en+\ C ' )  ■ V r j d V -  [ b n+1- r j d V -  [  t n+1 ■ rj dA =  0 V i j e / " +1.
J Q J Q J <9f 2
(4.5)
4.2 C oupling o f Scales: H om ogenization
Homogenization is defined as the mapping of a distribution of a microscopic quantity 
over the RVE into a macroscopic quantity. The relationship between microscopic 
and macroscopic domains is assumed to be based on homogenization of strain and 
stress tensors of the RVE, giving the homogenized strain and homogenized stress.
4.2 .1  H o m o g en ized  S train
The first basic assumption underlying the present multi-scale model states that the
macroscopic strain tensor £ at a point x  of the macro continuum is the volume
average of the micro strain field e of the RVE associated with x  .
£ =  •1 f e d V  = ^  [  V su d V .  (4.6)
v Jn V Jn
The volume averaging of the micro strain, as given by (4.6) sets a constraint to the 
possible deformation fields of the RVE. This constraint can be expressed as u  E JfT*, 
the minimally constrained set of kinematically admissible microscopic displacements:
sufficiently regular | J  V sv d V  =  e V j  . (4.7)
The micro displacement field u  can be assumed to be additively decomposed into a
component that is prescribed by the homogenized strain e and varies linearly with 
cc, and a displacement fluctuation as:
u = u* + u = ex-\-u  (4.8)
so that
[  N sit* dV = e V  (4.9)
Jn
Note that (4.7) can be equivalently expressed in terms of the unit normal n  to the 
RVE boundary 0 0  as:
JU* = < v, sufficiently regular | /  v  ®s n  dA = £ V \ (4-10)
I Jan J
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where <g>s denotes the symmetric tensor product. By combining (4.10) and (4.9), 
the constraint set is finalized as u  E where:
J*?* =  < v, sufficiently regular | /  v 0 S n  dA = 0 > (4.11)
I Jan J
Let the actual set of kinematically admissible RVE displacement fields be denoted
by J C C JN*. The space of virtual kinematically admissible displacements of the
RVE are given as:
C J f *  (4.12)
The choice for the appropriate space of kinematically admissible displacements Y, 
which satisfies (4.11), defines the actual constraints imposed on the RVE. A family 
of such constraints is discussed below:
The m inim um  kinem atical constraint is set by the most generic space that 
satisfies (4.11), such that
r ”  =  r .  (4.i3)
dJ2+
dil~
Figure 4.2: RVE with Periodic b.c.
Periodic deform ations over the RVE boundary , referred to as the periodic 
b.c., can be prescribed for materials with periodic micro-structure. The RVE needs 
to have certain symmetries, such that, repetition of the RVE generates the macro­
structure. A two dimensional square RVE is depicted in Figure 4.2. For such 
RVE, the boundary is the sum of equally sized mirror image sets <90+ and dO~, 
with respective unit normals n + and n - , such that {n+ =  — n~ | V c c  E <9f2}. The 
periodic constraint space ^ er can be defined as:
e JC* i i (x+) = i i ( x ~ )  Vpairs { x +, x~}  E (4-14)
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It is important to note that, as pointed by Guedes and Kikuchi [37], the periodic­
ity requirement is not necessarily global. That is, the whole macroscopic continuum 
does not consist of repetition of a single RVE. Instead, local periodicity is assumed, 
so that the RVE lies within an array of identical RVEs at its vicinity, where else­
where on the macro continuum, there exist other RVEs which lie in arrays of identical 
RVEs. This allows better representation for variation of micro-structure over the 
macro continuum.
Linear deform ations over the RVE boundary , referred to as the linear b.c., 
assumes no fluctuations over the RVE boundary :
yii in  _  ^ u  =  0 Mx G dUl (4.15)
Prescribed deform ations over the RVE assumes no fluctuations over the RVE. 
As all deformations over the RVE are prescribed, with no fluctuations, there is no 
micro boundary value problem to solve:
u  = 0 Va? G Pi \ (4-16)
Prescribed deformations over the RVE coincides with the so-called rule of mixtures, 
where the contribution of RVE constituents are multiplied with their volume ratios 
enter the response. As it fails to capture interactions between different phases or 
voids within the RVE, it is not going to be considered any further.
Note that the response of the constraint spaces defined above follow an order of 
increasing stiffness, as each set is the subset of the previous set:
n j/p r e  s y / l in  s y /p e r ^
4 .2 .2  H o m o g en ized  S tress
Analogous to the homogenized strain, the macro-stress tensor a  at a point x  of the 
macro continuum is defined as the homogenization of the micro stress field <r of the 
RVE associated with x  :
& — 77 [  crdV (4-18)
* Jn
The homogenized stress can be expressed in terms of the boundary traction t
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and body force 6 , by use of the tensor relation:
v t i v  ‘ v L ’ m
= ~  [  a ( V x ) TdV 
V  Jn
(crn) ® x  dA — /  (diver) £g> x d V  j (4-19)
Jn J
1
^  \ J d n
which, together with the strong form of equilibrium and the symmetry of the stress 
tensor, becomes:
o' = t t (  j  t ($s x  d A — f  b ^ s x d V j  (4.20)
* V Jon Jn J
4.2 .3  H ill-M an d el P rincip le
Another important aspect of homogenization is the Hill-Mandel principle of macro­
homogeneity [48, 69], which states the macroscopic stress power to be equal to the 
volume average of the microscopic stress power for any kinematically admissible 
motion of the RVE, and is expressed as:
a  : e = ~  j  a  : edV  (4-21)
* Jn
which leads to both the boundary traction t  and the body force b being purely 
reactive to the chosen constraint. Note that, from (4.8),
£ = V SU
= e +  V su  u  G y  (4.22)
so that the right side of (4.21) becomes:
v i a ^ d V  = b L a : [ t + v M d v
=  a  : £ + f  a  : V su d V  (4.23)
k Jn
(4.21) is valid if and only if:
— f a :  V su d V  = 0 Mu G V  (4.24)
* Jn
which can be expressed in terms of strong equilibrium as:
f  b u d V  + f  t • u  dA = 0 Mu G J/. (4.25) 
Jn Jan
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Since Y is  a vector space, (4.25) holds if and only if each of the integrals vanish,
[  b rj dV = 0 V r j e r  (4.26)
Jn
I t - r j d A  =  0 (4.27)
Jan
so both the boundary traction t  and the body force b are purely reactive to the 
chosen constraint, thus they can not be prescribed independently. Furthermore, 
they belong to the functional space orthogonal to Y, the space of kinematically 
admissible displacements, the choice of which imposes the constraint on the RVE. 
The implication of this on the family of chosen spaces is considered next:
The m inim um  kinem atical constraint is given by Y mm in (4.13), which is de­
fined on the boundary of the RVE. Body forces can only be reactive to the constraint,
thus have to be zero over the domain:
b{x) =  0 Vx £ (2 (4.28)
The boundary traction t, also reactive to the constraint (4.13), can be shown to 
satisfy
t (x )  = cr(x)n(x)  =  a n ( x )  \ /x G dLl (4.29)
We refer to de Souza Neto and Feijoo [16] for proof. The minimum kinematical
constraint is also referred to as the uniform traction b.c., only because of (4.29), as
a consequence of the Hill-Mandel principle.
Periodic b.c. is given by Y 9** in (4.14), which is also defined on the boundary of 
the RVE. Thus, body forces should be zero over the domain:
b(x) = 0 \/x G 0  (4.30)
(4.27) implies that t  is anti-periodic on dO, i.e.,
t ( x +) =  — t (x~)  Vpairs {cc+, x~}  G 8 0  (4-31)
Linear b.c. is given by Y lm in (4.15), which is defined on the boundary of the RVE 
as well, so the body forces has to be zero over the domain:
b(x)  =  0 V s g O .  (4.32)
Boundary tractions are purely reactive to the constraint set by (4.15).
Rem ark 4.1 The body force orthogonal to the space defined by all three constraints 
considered is zero, so the homogenized stress (4.20) now becomes:
1
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4.3 M icroscopic Boundary Value Problem
The small strain boundary value problem for the micro-continuum consists in finding 
a kinematically admissible deformation u  E J^Tsuch that:
f  <j : V s ?7 dV — f  b • rj dV  — f  t  • 77 dA =  0 V77 E T  (4.34)
Jn JQ J dCl
which is different from a conventional boundary value problem because of the con­
straint set on J E and V  by the homogenization process. The Hill-Mandel principle 
implies (from (4.26) and (4.27)) that (4.34) reduces to:
[  a  : Vs'qdV  =  0 V77 E V. (4.35)
Jn
We also assume that at any time t, the stress at each point x  of the RVE is delivered 
by a generic constitutive functional ^ o f  the strain history et{x) at that point up to 
time t :
or(x,t) = ^ ( e t(x)). (4.36)
This assumption, along with the equilibrium equation (4.35) defines the RVE equi­
librium problem which consists in finding, for a given macroscopic strain e(t), a 
displacement fluctuation function u  E "V such that
[  0(e(*) +  V au(x , t ) ) \ t : V sr)dV = 0 V77 E t .  (4.37)
Jn
We assume that the constitutive behaviour at the micro level can be described by 
conventional internal variable-based dissipative constitutive theories, e.g. elasto- 
plasticity, whereby the stress tensor is obtained by integrating a set of ordinary 
differential equations in time for the given history of the strain tensor. Numerical 
approximations to the initial value problem defined by the constitutive equations 
of the model are typically obtained by Euler type difference schemes. For a typical 
time interval [£n,£n+1], with known set £n of internal variables, the stress crn + 1  is a 
function of the strain en+l. The incremental version of RVE equilibrium problem 
(4.35),
[  <rn + 1 ( £ n + 1  +  Vswn+ \  O  : V s 77 dV = 0 V77 E y, (4.38) 
Jn
together with the incremental version of stress homogenization (4.18):
a n+1 = ^r  f <rn+1 (e" + 1  +  Vs-un+1, C )  dV  (4.39)
ko Jn
complete the time-discrete model.
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4.4  F in ite  E lem ent A pproxim ation
In this section, the small strain non-linear finite element approximation to the micro­
scopic boundary value problem will be developed. The treatment of the macroscopic 
boundary value problem does not differ from a standard solid mechanics problem, 
so it is omitted here.
The fully (time- and space-) discrete multi-scale constitutive model is obtained 
by introducing a conventional finite element approximation to (4.38,4.39). That 
is, the infinite-dimensional functional space ^ i s  replaced with a finite-dimensional 
counterpart, /lX  spanned by the finite element shape functions of a mesh h , and the 
domain Q is replaced with an approximated counterpart h£l comprising an assembly 
of finite element domains. The corresponding fully discrete version of (4.38) consists 
in finding a vector un+1 G ^ o f  global nodal displacements fluctuations such that
[ r)T [Gt  crn+1(en+1 +  G u n+1, f ) ]  dV = 0 , Vrj G h% (4.40)
J hn
where G denotes the global discrete gradient matrix containing the appropriate 
shape function derivatives, crn+1 is the incremental constitutive functional at the 
RVE level that delivers the array of stress components, en+1 is the array of macro­
scopic strain components and rj is the vector of global nodal virtual displacements.
Problem (4.40) together with the finite element-discrete version of (4.39) define 
the fully discretized small strain multi-scale constitutive model.
4 .4 .1  B o u n d a ry  C on d ition
Problem (4.40) may differ from finite element versions of conventional solid me­
chanics problems of the type (4.5) only in the construction of the relevant finite­
dimensional space hy. Note that the constraints embedded in space definitions (4.11) 
and (4.14) -  and also (4.15) -  involve only the boundary of the RVE. The constraints 
themselves are linear dependencies among the RVE boundary degrees of freedom. 
Hence, an arbitrary vector v G ^ c a n  be conveniently arranged as
The linear dependence constraint requires that
u d = a U f , (4.42)
where Uf and u d contain the fluctuating part of the free and dependent degrees of 
freedom of the boundary respectively, and a  is a matrix of constraint coefficients 
expressing the linear dependencies that characterize the model in question.
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Rem ark 4.2 The linear dependency given by (4.42) can be expressed in terms of 
displacements (instead of displacement fluctuations) with the help of (4.8):
u f =  u} + u f 
Ud —  Ud  T  Ud
= u*d + a(uf  -  u})
= (u*d -  an}) + a u f  (4.43)
U niform  Traction b.c. For the minimally constrained case, a is obtained from:
C { “ ' } = < ) ,  (4.44)
where C is the global matrix obtained from the discrete version of the integral
constraint of definition (4.11). Note that this choice of constraint means there will
be a maximum number of free degrees of freedom of the boundary corresponding to 
a minimum number of dependent ones.
In 2D, the minimum number of dependent boundary degrees of freedom is 3, one 
tha t corresponds to each component of the stress tensor. To eliminate rigid body 
motion, 3 degrees of freedom are prescribed by the macro strain. All remaining 
boundary degrees of freedom are treated as free and are masters of these 3 depen­
dants, as shown in Figure 4.3(c). To obtain the dependency coefficient vectors a,
(4.11) is expressed in the discrete sense as the sum of integrals evaluated at the
boundary of each boundary element eb\
b r
/ u ® s n  dS = 0  (4.45)
J eb
Note tha t u  can be expressed in terms of interpolation functions N  as:
u{l) = Y , u qN q(l), (4.46)
where u q = [u\ ul]T , so that the integral at the element boundary becomes:
Jeb I 2 ^ i Nqn id S  0  1
0 feb E  L \N qU2 dS .
.2 Ie» E  u \ N qn2 dS \  f eb 22 u i N qn! dS]
The integral above has contributions from each boundary node within the element. 
The contribution of node q takes the form of a coefficient matrix C9, which multiplies
I u ® s n  dS = 
J  eb
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the nodal displacement fluctuation vector u q. For the present case, C 9 takes the 
form:
where,
aq =
C 9 =
N qni dS
a 0
0  bq
b«
.2 2 J
bq
(4.47)
N qrin dS.
Note that this integration can be performed numerically at a high accuracy by 
choosing appropriate number of Gauss points on the element boundary. After adding 
contributions to C 9  from all elements that share node q, the sum given in (4.45) 
is expressed as the product of the global coefficient matrix Cb and the vector of 
fluctuating displacements as:
^ ( 3  x bdof) ' ^( bdo f)
<rl
(3 x m d o f ) .U +  C^3x3)\I(m d o f )
U (3) ~ 1(3 xmdoDufmdo/y.
=  0(3) 
•W(3) =  ° ( 3 )
(4.48)
where bdof and m d o f  denote the number of boundary and master degrees of freedom 
respectively. Note that each one of the three rows of R is a vector of dependency 
coefficients a, so that the dependency can be expressed as in (4.43). The prescribed 
degrees of freedom do not appear in the formulation above, as they do not have 
fluctuating components. The selection of dependent degrees of freedom is not trivial, 
distinct nodes should be assigned to guarantee that Cd is invertible. There is no 
shape limitation for the RVE for the uniform traction b.c.
Figure 4.3: The choice of boundary condition specifies whether a boundary degree 
of freedom is free (/), prescribed (p) or dependent (d) on other degree(s) of freedom. 
Arrangement of nodes for 2-D RVE for small strains: (a) Linear b.c., (b) Periodic 
b.c., and (c) Uniform Traction b.c.
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Periodic b.c. For a periodic fluctuations model with pairing boundary nodes 
located at pairing points x +  and lying on opposite sides of dhLl: a  is an identity 
matrix, so that there is a one-to-one correspondence between master and dependent 
degrees of freedom. As a result of periodicity, all degrees of freedom at corner nodes 
are prescribed by the macro strain, as shown on the 2-D square RVE of Figure 4.3
(b).
We treat the case of non-paired boundary nodes as a geometrical dependency, 
which is imposed by a finite element type interpolation of master degrees of freedom. 
We will exploit this approach further in Chapter 6  to improve the computational 
efficiency.
Linear b.c. For the linear boundary displacements constraint, the solution of the 
finite element RVE problem follows the same route as conventional solid mechanics 
problems, as the construction of space ^ i s  trivial and, according to (4.15), requires 
only that all fluctuating nodal degrees of freedom of the RVE boundary be fixed as 
zero, which follows from (4.8), that all RVE boundary degrees of freedom are solely 
prescribed by the macroscopic strain:
Ub - Ut (4.49)
Note that, as depicted in Figure 4.3(a), there is no shape limitation for the RVE for 
the linear boundary displacements constraint.
4 .4 .2  P rescr ib ed  D isp lacem ents
The prescription of the macro strain £ is performed in discrete terms as: 
at each node q. For 2D:
T
u q =  X q £  ==h
£  =  { C n ^ 2 2
U q =  { U i  U2} T
0 "
= 0
_ 2 2 _
(4.50)
(4.51)
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and for 3D:
£
D(
{ui u2 u3}T
X \  0 0
0  x 2 0  
0  0  x3 (4.52)
L 2*a nQ O
the matrix notations of Miehe [79] are adopted. is defined as the nodal coordinate 
matrix.
4 .4 .3  P ro b lem  S ta tem en t
We aim to find the unknown set of inner (iLi) and free boundary displacements (t//), 
as a response to the set of prescribed displacements (u*), that satisfy the equilibrium 
and the kinematical constraint The final reduced set of non-linear algebraic finite 
element equations to be solved is obtained by introducing representation (4.41,4.42) 
for 77 and u n + 1  in (4.40). After straightforward matrix manipulations, this gives
where gi, g / and gd are the components of the global vector
g =  [  G T crn+1(en+1 + G u n+1 , 0 ^  (4.54)
associated, respectively, with the internal, master and dependent degrees of freedom 
of the RVE.
4 .4 .4  S o lu tio n  P roced u re
The Newton-Raphson iterative scheme is used to solve the system g =  0, whereby, 
given a solution estimate, the kth guess u(fc) for u n + 1  is found by establishing the
linear approximation:
(4.53)
g ( u ^ )  S3  g(u^h ^) +  Dg(v,(k =  0 (4.55)
where the directional derivative is evaluated as
(4.56)
CHAPTER 4. SMALL STRA IN  COMPUTATIONAL HOMOGENIZATION  71
so that at each iteration the system
<9g
du
(k-1)
5u = —g(u^k~^) (4-57)
or,
k ^  k i f  +  k id(x ^ ^
k y ^ - | - O C  k d i  k m m  +  k / d « + a  k ^ y  +  £X k dd,&-
Sui \  =  _  /  Si 
Suf  J \g y  +  aTgd
is solved for the iterative corrections £11* and duy, and then
Ui\ W _  (S u
(4.58)
U/J W/ +i5u/J 4^'5^
where k[f-1\  k [ k~ l \  • • • ,k ^ -1  ^ etc. are corresponding sub-matrices of the tangent 
stiffness matrix, e.g.
kim = (4.60)a U/
The process is repeated until for some /c, the convergence criterion:
llsll < e (4-61)
is satisfied for a given convergence tolerance e.
4 .4 .5  H om ogen ized  Stress
The homogenized stress (4.33) can be expressed in the discrete setting as an assembly 
of integrals performed at element level:
<r'* =  4 £ ^ k  (4.62)
where the integration is performed numerically in a standard manner. An alternative 
expression in terms of nodal forces Ff, at the boundary has been pointed by Miehe
et al. [77], by considering the limit t  dA —» F& as:
<Th = (4.63)
where the boundary coordinate matrix, D5 is defined as the collection of all nodal 
coordinate matrices Dg, such that, for M  nodes on the boundary:
D& = [Oi D2 ... Dm] (4.64)
Even though (4.62) and (4.63) are equivalent, the latter is computationally more 
efficient.
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4 .4 .6  T an gen t M o d u lu s
The macroscopic boundary value problem (4.1) or its incremental version (4.5) is 
typically solved with an iterative scheme. The Newton-Raphson method is com­
monly employed, which relies on exact linearization of a global discrete residual 
vector within a finite element framework, which is dependent on the homogenized 
stress. This dependency requires linearization of the homogenized stress for each 
iteration. This can be achieved by either linearizing (4.33), and then discretizing 
the result, or by linearizing the discretized homogenized stress (4.62) or (4.63). We 
proceed with linearizing the latter discrete expression:
d a h i_.
V"
<9F& dud d¥b d u p
de
m ,
de
—¥)b V
d¥b dui _L + d¥b d u /
dui de d u f  de dud de 
It follows from (4.43) and (4.50) that :
d u d
^ § r  =  D/  + de— =  +  adeUf,
d u p de
d u r
(4.65)
de
where d£Uf =  -q£ .  Denoting ^  etc., (4.65) becomes 
^  ^ b  (ktideUi + k bf(Drj  +  d£u f )
+ k ^ (D j +  <xd£u j )  +  kfcpl
¥
k bi
T
d £ U i
k bf  +  a k bd d£u f _ +  k (4.66)
Assembly of stiffness terms kbi, kbf  + (x k bd and k^ is straightforward. To calculate 
the unknown set [d£Ui, d£Uf\, note that F» =  0 :
d¥i
de
d¥i dv,i
rr  +
d¥i d u f <9F* d u d d u
dui de d u f  de d u d de + dup de = 0
— kudgUi +  k i f ( ^ f  +  d£u j )  +  k id ^ d  4" 4" kiPTB)p — 0
k u
T d£Ui
kif cukid d£u f _ +  k ib^b =  0
(4.67)
The first term on the left hand side of (4.67) is readily available as the upper portion 
of the global stiffness matrix of the converged solution, given by (4.58). By setting 
each column of — k ibB)J as the residual and solving the existing global Newton- 
Raphson system returns the corresponding column of the unknown set {d£Ui, d£Uf}  
in (4.66).
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Figure 4.4: Small Strain Computer Implementation : (left) Single-Scale RVE Ho­
mogenization (right) Multi-Scale Fully Coupled Analysis
4.5 C om puter Im plem entation
The finite element framework developed in the previous section comprises the choice 
of boundary condition, prescription of the macro strain, the solution algorithm, 
stress and consistent tangent modulus update. This model can be employed in two 
main contexts:
• The determination of the parameters of a canonical macroscopic constitutive 
model by fitting the data produced by finite element solutions of a single RVE 
under prescribed macroscopic strain histories, as shown in Figure 4.4 (left) 
(see, for instance, [37, 82, 75, 90, 34, 106]), which we refer to as Single-Scale 
RVE Homogenization,
• Fully Coupled Two-Scale Analysis of solids, where the macroscopic equilibrium 
problem is solved simultaneously with one RVE equilibrium problem for each 
Gauss quadrature point of the macroscopic mesh [102, 28, 78, 116]. In this 
case, the stress updating procedure used at each Gauss quadrature point of 
the macro-mesh involves the solution of an initial boundary value problem for 
the corresponding RVE, see Figure 4.4 (right).
4.5 .1  S ing le-Sca le RVE H om ogen ization
The procedure for single-scale RVE homogenization is outlined as follows:
1 . Initially, depending on the choice of kinematical constraint:
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Figure 4.5: Single-Scale RVE Homogenization : Linear b.c., components of stress, 
development of plastic strains on deformed mesh
(a) group boundary degrees of freedom into / ,  p or d (see Section 4.4.1).
(b) calculate dependency coefficients a (see Section 4.4.1).
2 . At a typical time interval [tn, t n+1], with known set £" of internal variables, 
solve the incremental microscopic boundary value problem:
(a) input prescribed strain multiplied by the load factor en+l
(b) apply prescribed displacements, using (4.50)
(c) solve the system of equations (4.53) using a Newton-Raphson procedure
(d) update dependent degrees of f r e e d o m , b y  (4.43)
3. Calculate and return homogenized stress with (4.63)
To illustrate and verify the computational framework for single scale RVE ho­
mogenization, we consider an example from Partovi [89], whereby a square RVE 
with a circular void at its center is investigated. The size of the void corresponds to 
15% of the RVE area.
Plane stress condition is assumed and the RVE matrix material is modelled by a 
von Mises type elastoplastic law with Young’s modulus E  = 70 GPa, Poisson’s ratio
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v =  0.2, initial yield stress <r0 — 243 MPa and linear hardening modulus H  = 0.2 
GPa.
The RVE is loaded by a prescribed strain {£n^ £22^ ^ 12} =  {0.001, 0.001, 0.0034}, 
multiplied by a loading factor that is increased up to 4. The RVE boundary value 
problem is solved, and homogenized stress & is calculated. The effective von Mises 
stress, given by
is plotted, along with components of the homogenized stress in Figures 4.5 and 4.6 for 
linear, periodic and uniform traction b.c.’s respectively. Development of equivalent 
plastic strain during the loading path is plotted on deformed mesh (exaggerated for 
visualization).
For all three cases, we observe perfect agreement with the reference work [89].
4 .5 .2  T w o-Sca le  Fully C oupled A nalysis
The two-scale fully coupled analysis procedure follows as:
1. Initially, depending on the choice of kinematical constraint:
(a) group boundary degrees of freedom into / ,  p or d, (see Section 4.4.1).
(b) calculate dependency coefficients a (see Section 4.4.1).
2 . At a typical time interval [tn, £n+1], solve the incremental macroscopic bound­
ary value problem. At a typical iteration step of the macro Newton-Raphson 
procedure, at every Gauss point, with known set £n of internal variables of the 
RVE associated with that Gauss point,
(a) solve the incremental microscopic boundary value problem:
i. calculate prescribed strain (multiplied by the load factor) en+l
ii. apply prescribed displacements using (4.50)
iii. solve the system of equations (4.53) using a Newton-Raphson proce­
dure
iv. update dependent degrees of freedom,Ud, by (4.43)
(b) Calculate homogenized stress with (4.63)
(c) Calculate consistent tangent with (4.66)
We will use the plane strain localization example given in Kouznetsova’s PhD the­
sis [57], to compare and verify the methodology developed for fully coupled analysis. 
A regularly perforated (with a strip of homogeneous material at edges) rectangular
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Figure 4.6: Single-Scale RVE H om ogenization : com ponents of stress, developm ent 
of plastic stra ins on deform ed mesh (top) Periodic b.c (bottom ) Uniform Traction 
b.c .
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Figure 4.7: M ulti-Scale Fully Coupled Analysis: (a) Initial geometry, percentages 
represent reduction in yield stress (b) coarse macroscopic mesh (c) fine macroscopic 
mesh (d) typical RVE, mesh and geom etry
macroscopic s tru c tu re  is considered. Due to  sym m etry of geom etry and loading, only 
a quarter, sized 7a by 12a (the stacking distance of the void pa tte rn , a =  10/mi) is 
modelled using a coarse mesh with 84 elements and a hue mesh w ith 203 elements 
as shown in Figure 4.7 (b) and (c) respectively, bo th  models are integrated using 
s tandard  Gauss quadratu re.
All RVEs corresponding to each of those integration points have a pore of diam e­
ter d = 0.4a, corresponding to  approxim ately 12.5% volume ratio, modelled initially 
w ith the same a x  a square geom etry as defined in Figure 4.7(d), where 160 4-noded 
quadrilateral elem ents w ith 4 integration points are employed and plane stra in  con­
dition is assum ed. Note th a t, unlike second order approaches such as th a t of the 
reference work [57], the absolute size of the RVE is irrelevant for the homogeniza­
tion procedure in hand. Because of the well known poor perform ance of s tandard  
elements, F-B ar type elem ents [15] are used to avoid volumetric locking.
RVE m aterial is modelled by a von Mises type perfectly plastic elast.oplastic law 
w ith  Young’s m odulus E  = 210 GPa, Poisson’s ratio v  =  0.3, initial yield stress 
cr0 =  507 M Pa. To avoid numerical problem s a very small linear hardening m odulus 
H  =  0.0001 is used. To trigger localization, yield stress is reduced gradually from 
507 M Pa down to  406 M Pa in 5 stages, as shown in Figure 4.7(a). As K ouznetsova 
points, the sm ooth transition  is m eant to  avoid the dependence of the w idth  of 
localization band on the im perfection area size.
The top edge of the  p late is loaded with a prescribed displacem ent of 3.5 /im  
th a t  corresponds to  3% elongation, which justifies assum ption of small strains, so, 
unlike the original paper, no softening at m aterial or geom etrical level is expected.
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Figure 4.8: Multi-Scale Fully Coupled Analysis: Macroscopic stress strain curves 
(left) voided solution (right) homogeneous solution, (bottom) convergence of the 
macroscopic Newton-Raphson procedure, at 1.4 /im .
The problem is solved in 200 time steps, by means of the consistent linearization of 
the homogenized stress for each of the load steps, as the convergence of residuals of 
the macroscopic Newton-Raphson procedure reveal in Figure 4.8.
Figure 4.8 (left) shows the load-displacement behaviour of the coarse and fine 
mesh. The course result is in very good agreement with the reference work, whereas 
the fine mesh provides a softer response. In order to check this, a single scale 
analysis with all the macro-structure modelled as homogeneous material has also 
been performed. The coarse vs fine relationship of the single scale homogeneous 
analysis, given in Figure 4.8 (right) is in very good agreement with the two-scale 
fully coupled analysis.
However, this consistency also suggests a shared strong mesh dependency, which 
is also apparent in the macroscopic equivalent plastic strain plots of Figure 4.9. Note 
that the macroscopic model does not have internal variables, instead, the equivalent 
plastic strain is homogenized for visualization purpose. Plastic strain accumulates 
within the smallest discretized volume, and this is also reflected in the width of the 
shear band.
Equivalent plastic strain plots of Figure 4.9 (middle) and (bottom) belong to 
RVEs that correspond to points A,B,C,D,E for coarse and fine meshes respectively. 
The maximum equivalent plastic strain occurring at those RVEs is also indicated.
CHAPTER 4. SMALL STRAIN  COMPUTATIONAL HOMOGENIZATION 79
0.6283 0.5742 0.3508 0.0305 0.0025
0.9358
(A)
0.6345
(B)
0.5132
(C)
0.0055
(D)
0.0025
(E)
Figure 4.9: Multi-Scale Fully Coupled Analysis: equivalent plastic strain on de­
formed configuration, (top) coarse and fine macroscopic meshes, (middle) sample 
RVEs from the coarse model, (bottom) sample RVEs from the fine model, maxi­
mum equivalent plastic strain values indicated
In agreement with the last remark, as the element size gets smaller, the deformation 
is concentrated more, resulting in larger deformations and plastic straining. This 
is the well known mesh dependent localization pattern of local single scale material 
models, which has been inherited by the present model..

Chapter 5
Large Strain Computational 
Hom ogenization
In this Chapter, the framework for the multi-scale analysis of solids developed in the 
previous chapter will be extended to cover large strain problems. The homogenized 
stress-strain counterpart is one of possible work conjugate candidates outlined in 
Chapter 3. de Souza Neto and Feijoo [16], as well as Miehe et al.[76, 79] and Terada 
et al. [115] identify the First Piola-Kirchoff stress tensor P  and the deformation 
gradient tensor F  as the stress-strain counterparts to be homogenized in the large 
strain context.
(micro-scalc) 
diV \
/macroscopic
continuum
(macro-scalc)
Figure 5.1: Macro-micro transition for large strains
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The outline of this chapter follows closely the previous one, where we start by 
defining the boundary value problem at the macro scale. Then, we will formulate the 
large strain homogenization theory based on averaging of the First Piola-Kirchoff 
stress tensor P  and the deformation gradient tensor F  at micro scale. We will show 
that homogenization of F  and P ,  complemented by the Hill-Mandel principle poses 
a natural constraint on the possible deformation fields of the RVE, and derive the 
large strain counterparts for the classes of constraints.
Discrete versions the microscopic boundary value problem are developed for the 
large strain regime, as well as kinematical constraints, homogenized stress and ac­
companying consistent tangent modulus; which all fit into the computational frame­
work developed in the previous chapter. Small differences appear in the treatment of 
uniform tractions and prescription of boundary displacements. The computational 
model is then tested for single RVE homogenization and fully coupled two-scale 
analysis.
5.1 M acroscopic B oundary V alue P roblem
The macroscopic equilibrium problem is formulated in the reference configuration in 
terms of the macroscopic First Piola-Kirchoff stress tensor P ,  prescribed body force 
per unit reference volume B  and boundary tractions per unit reference area T, and 
consists in finding a kinematically admissible displacement field u  E such that
f P  : Vrj d V  — f B  • rj d V  — f T - r } d A  = 0 Vrj e T,  (5.1) 
JO, J fi J dQ
A  constitutive functional <£of the history F \ x )  of the deformation gradient at point 
x  up to time t delivers the stress:
P ( x , t )  = & ( F \ x ) )  = # ( [ / +  Vtt(®)]‘), (5.2)
so that the first term in (5.1) is a functional of the solution u:
[  # ( [ /+  Vu( x ) Y)  : V?7 dV.  (5.3)
Jn
Numerical approximations in time to problem (5.1) are obtained by using Euler-type 
difference schemes to integrate the constitutive equations of the model. Hence, an 
incremental constitutive relation is defined such that, for a typical time interval 
[£n,£n+1], with known set of internal variables at £n, the stress p n+1 at tn+1 is a 
function of the deformation gradient F  :
pn+l _  p ^ p n+^ (5.4)
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The introduction of the incremental constitutive function (5.4) in (5.1) results in 
the incremental version of (5.1) which consists in finding an admissible displacement 
field u n+l such that
[  P ( F n+\ £ n ) : Vr) d V  -  (  £ n+1 r) d V  -  f  T n+1 ■ rj dA = 0 V » j s r n+1.
Jn Jn Jon
(5.5)
5.2 C oupling o f Scales: H om ogenization
Analogous to the small strain counterpart, the coupling of microscopic and macro­
scopic scales is assumed to be based on the homogenization of appropriate stress and 
strain tensors. Homogenization is performed at the reference configuration by aver­
aging the first Piola-Kirchoff stress tensor P ,  and its work conjugate, deformation 
gradient tensor F  over the RVE volume.
5.2 .1  H om ogen ized  D eform ation  G radient
The finite strain version of the homogenization assumption states that the macro­
scopic deformation gradient tensor F  at a point X  of the macro continuum is the 
volume average of all micro deformation gradients F  within the RVE associated 
with X )
F  = ~- I  F d V  = 1 + 1  I  V u d V ,  (5.6)
E Jn E Jn
where Ll denotes the inference configuration, and V  is the RVE volume in the refer­
ence configuration. The volume averaging limits the possible deformation fields of 
the RVE, such that u  E where:
irgXG =  |v ,  sufficiently regular | J  Vu dV  =  (P  -  I)  e J  . (5.7)
The additive split of the micro displacement field u  for finite strains comprises 
a component that is prescribed by the homogenized deformation gradient P , and 
varies linearly with cc, and a displacement fluctuation as:
U  =  u* +  u  =  (F  -  I ) X  +  f t ,  (5.8)
so that
f  Vu* dV = ( F -  I) V. 
Jn
(5.9)
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Analogous to the small strain formulation, the minimum kinematical constraint for
~ *
large strains takes the form u  6 irgJC , where:
irgJC =  < v, sufficiently regular \ v  (3 N d A  = 0 > (5.10)
I Jan J
where N  is the unit outward boundary normal defined in the reference configuration. 
Note that the large strain set only differs from the small strain set in the non­
symmetry of the tensor product within the integral. Analogous to the small strain 
version outlined in Section 4.2.1, the actual set of kinematically admissible RVE 
displacement fields, irg JCC irgUC* is equivalent to the space of virtual kinematically 
admissible displacements Xrgy of the RVE, and the common choices for irg^analogous 
to (4.13), (4.14), (4.15) are given respectively as:
Wgr ^  =  Xrgx '  (5 .ii)
lrg'fpeT =  j u  etrgjf* u ( X +) = u ( X ~ )  V pairs{X + ,X - }  e anj(5.12)
, / l in  __
Irg
y : = {*  e irgXr* u = o v x  € an} (5.13)
5 .2 .2  H o m o g en ized  F irst P io la -K irch off S tress
The macroscopic first Piola-Kirchoff tensor P  at a point X  of the macro continuum 
is defined as the homogenization of the micro stress field P  of the RVE associated 
with X  :
P  = I  P d V .  (5.14)
F  Jn
The homogenized first Piola-Kirchoff tensor can be expressed in terms of the bound­
ary traction T  and body force B  of the micro continuum in the reference configu­
ration, employing the tensor relation analogous to (4.19) together with the strong 
form of equilibrium:
P  = M  f T ® X d A -  f B ® X d V ) .  (5.15)
E V Jan Jn J
5.2 .3  H ill-M a n d el P rin cip le
Large strain counterpart of the Hill-Mandel principle of macro-homogeneity is ex­
pressed as:
- - 1 f
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Noting that, from (5.8),
F  = Vw
= f  + N i i , ii e  r  (5.17)
and following a similar procedure given in 4.2.3, it can be shown that the boundary
traction T  and the body force B  belong to the functional space orthogonal to the 
space of kinematically admissible displacements
[  B  r] dV = 0 , V77 G ^  (5.18)
Jn
[  T  -t) dA =  0 , \/rj £ F. (5.19)
Jan
Note that the choices of space of virtual kinematically admissible displacements 
irgJ/nun, irg'yper and irg'^iin given by (5.11), (5.12) and (5.13) respectively, are all 
defined on the boundary of the RVE. The body forces thus have to be zero over the 
domain:
b (x ) =  o , v i e a  (5.20)
Analogous to the small strain case, the Uniform Traction b.c. follows from (5.19) 
as:
T ( X )  =  P ( X ) N ( X )  = P N ( X )  , VX <E dto (5.21)
R em ark  5.1 The body force orthogonal to the space defined by all three constraints 
considered is zero, so the homogenized First Piola-Kirchoff Stress given by (5.15) 
now reduces to:
P  =  f  f  t ® X d A .  (5.22)
E Jan
5.3 M icroscopic Boundary Value Problem
The boundary value problem for the RVE for large strain consists of finding a kine­
matically admissible deformation u  G UC, such that
[  P  : V t 7  dV  -  f  B  r) dV -  f  T  ■ r] dA — 0 Vrj G r ,  (5.23)
Jn Jn J an
where J Cand 'Vdenote, respectively, the functional set of kinematically admissible 
displacements and the corresponding space of virtual displacements of the RVE. As 
(5.18) and (5.19) indicate, both the boundary traction T  and the body force B  are
purely reactive to the constraint, so that the virtual work equation for the RVE is
given by
f  P  : V 77 dV  — 0 V77 G Y.  (5.24)
Jn
CHAPTER 5. LARG E STRA IN  COMPUTATIONAL HOMOGENIZATION  86
Following the small strain case, the assumption of a generic constitutive functional 
tyrg, along with the equilibrium equation (5.24) defines the RVE equilibrium prob­
lem in large strains which consists in finding, for a given macroscopic deformation 
gradient F,  a displacement fluctuation function u  £ y  such that
f &irg(F +  V « )|. :Vrt dV = 0 , V r , e V .  (5.25)
Jn
As for the small strain case, we will , assume that the constitutive behaviour at 
the micro level can be described by conventional internal variable based dissipative 
constitutive theories, whereby the stress tensor is obtained by integrating a set of 
ordinary differential equations in time for the given history of the strain tensor, typ­
ically employing Euler-type difference schemes. For a typical time interval [tn, tn+1], 
with known set £n of internal variables, the stress P n+1 is a function of the deforma- 
tion gradient F  . The incremental version of RVE equilibrium problem consists 
in finding, for a given macroscopic deformation gradient F n+1 and known field £n of 
microscopic internal variables, a kinematically admissible RVE displacement fluctu­
ation field u n+1 G y  such that
I  p “+ '(F “+1 +  V-un+1,£ n) : Vrj dV = 0 Mn € Y. (5.26) 
Jn
With the solution u n+1 at hand, the macroscopic stress can be computed according 
to (5.14) as
pn +1 =  1 r p„ + l ( p n+1 +  Viln+\ £ n) dV. (5 .27)
v Jn
5.4 F in ite  E lem ent A pproxim ation
In this section, we will develop the large strain non-linear finite element approxima­
tion to the microscopic boundary value problem discussed earlier. The treatment 
of the macroscopic boundary value problem does not differ from a standard solid 
mechanics problem, so it is omitted here.
The fully (time- and space-) discrete multi-scale constitutive model is obtained 
by introducing a conventional finite element approximation to (5.26,5.27), where, the 
infinite-dimensional functional space y  and the domain Cl are replaced with finite­
dimensional counterparts defined over a mesh h as hy  and hLl respectively. The 
corresponding fully discrete version of (5.26) consists in finding a vector un+1 E hy  
of global nodal displacements fluctuations such that
[  r)T [G T P n+1(F n+1 +  G u n+1, 0 ]  d V  =  0 , Vr7 € hy  (5.28)
J*n
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where G denotes the global discrete gradient matrix containg the appropriate shape 
function derivatives, P n+1 is the incremental constitutive functional at the RVE 
level that delivers the array of First Piola-Kirchhoff stress components, Fn+1 is the 
array of macroscopic deformation gradient components and 77 is the vector of global 
nodal virtual displacements.
Problem (5.28) together with the finite element-discrete version of (5.27) define 
the fully discretized large strain multi-scale constitutive model.
5.4 .1  B ou n d ary  C ondition
Problem (5.28) differs from finite element versions of conventional solid mechanics 
problems of the type (5.5) only in the construction of the relevant finite-dimensional 
space hy.
For the linear boundary displacements constraint, the solution of the finite ele­
ment RVE problem follows the same route as conventional solid mechanics problems, 
as the construction of space hy'is trivial. For the minimally constrained and periodic 
boundary displacements kinematical assumptions, however, the spaces hy  are dis­
crete versions of (5.11) and (5.12), respectively. The kinematical constraints in such 
cases are non-conventional but can nevertheless be imposed in a straight forward 
manner, as summarized in the following.
First, note that the constraints embedded in space definitions (5.11) and (5.12) -  
and also (5.13) -  involve only the boundary of the RVE. The constraints themselves 
are linear dependencies among the RVE boundary degrees of freedom. Hence, an 
arbitrary vector v E  hy  con be conveniently arranged as
The linear dependence constraint requires that
Ud — , (5.30)
where Uf and Ud contain the displacement fluctuations of free and dependent degrees 
of freedom of the boundary respectively, and a  is a matrix of constraint coefficients 
expressing the linear dependencies that characterize the model in question. The 
dependencies are implemented in the same way with the small strain counterpart:
u d =  (u*d +  otu*f ) +  a u j  (5.31)
Uniform  Traction b.c. For the minimally constrained case, a is obtained from:
c l f T o ,  (5.32)
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where C is the global matrix obtained from the discrete version of the integral 
constraint of definition (5.11). Note that this choice of constraint means there will 
be a maximum number of free degrees of freedom of the boundary corresponding 
to a minimum number of dependent ones. The 2D implementation of the minimal 
constraint will be developed next.
To eliminate rigid body motion, 3 degrees of freedom are prescribed by the macro 
strain. The minimum number of dependent boundary degrees of freedom is 4, equal 
to the number of components of the stress tensor. All remaining degrees of freedom 
on the boundary are treated as free, and are masters of these 4 dependent degrees 
of freedom, as shown in Figure 5.2. Note that there is no shape limitation for the 
RVE for the Uniform Traction b.c.
Furthermore, that the unsymmetric (5.11) can be expressed in the discretized 
sense as the sum of integrals evaluated at the boundary of each boundary element
b r
/ U ® N  dS =  0,
J eb
(5.33)
with element contributions:
u<S> N  dS =
' h Z u l N i N ^ S  0
0 U Y ; i % W N 2 dS
L  T , uIn *n 2 ds  o
o fe„Y;ug2N‘N1ds_
where N q is the shape function associated with node q. C 7, the coefficient matrix 
for node q which multiplies the nodal displacement fluctuation vector u q takes the 
form:
Cq =
aq 0
0 bq
bq 0
0 aq
(5.34)
As for small strains,
aq = /  N qN \  dS 
.Lb
bq = /  N qN 2 dS.
Integration and assembly of coefficient matrices, as well as the extraction of depen­
dency coefficients a follow the same procedure as in the small strains case. After 
adding the contributions from all elements that share node q to C 7, the sum given in 
(5.33) is expressed as the product of the global coefficient matrix Cb and the vector
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of fluctuating displacements as:
^(4  x b d o f ) - U ° ( b d o f )  —  0 (4) 
(4 x m d o f ) - ^ ( m d o f )  +  ^ ( 4 x 4 ) ' ^ ( 4 )  =  0 (4 )
W(4) — R(4xmdo/)^m^ ) )  — (C ) C1^ (5.35)
Lp L_P
(a) (b) (c)
Figure 5.2: The choice of boundary condition specifies whether a boundary degree 
of freedom is free (J), proscribed (p) or dependent (d) on other degree(s) of freedom. 
Arrangement of nodes for 2-D RVE for large strains: (a) Linear b.c., (b) Periodic 
b.c., and (c) Uniform Traction b.c.
Periodic b.c. As for small strains, a is an identity matrix for a periodic fluctu­
ations model with pairing boundary nodes located at pairing points X + and X ~  
lying on opposite sides of dhO. Displacements of corner nodes are prescribed by the 
macro strain, as shown on the 2-D square RVE of Figure 5.2 (b).
Linear b.c. fixes all nodal degrees of freedom associated with displacement fluc­
tuations of the RVE boundary as zero. All RVE boundary degrees of freedom are 
solely prescribed by the macroscopic strain:
Ub = u p (5.36)
As depicted in Figure 5.2(a), there is no shape limitation for the RVE for the linear 
boundary displacements constraint.
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5 .4 .2  P rescr ib ed  D isp la cem en ts
The prescription of the macro deformation gradient F  is performed as follows: At 
each node q,
u r =  ( F ~  I ) X q
= h QTq { F - I ) ,
where, for 2D,
F - I  = Un — U\
U2
'X x 0 '
0 Ai
V 2 0 
0 X 2
and for 3D,
F - 1  =
'F n_ - r ~x1 0 0 "
■^21 0 *1 0
P3 I 0 0 X \
F\2
f Wl]
v 2 0 0
F22 ~ 1 > , Uq = S U2 ? , Q q = 0 X2 0
F32 U 3 J 0 0 X2
F13 X 3 0 0
F23 0 X3 0
,^33 — 0 0 X3
where Qq is defined as the nodal coordinate matrix.
(5.37)
(5.38)
5.4 .3  P ro b lem  S ta tem en t
We aim to find the unknown set of inner (Ui) and free boundary displacements (U f), 
as a response to the set of prescribed displacements (u *), that satisfy the equilibrium 
and the kinematical constraint. The final reduced set of non-linear algebraic finite 
element equations to be solved is obtained by introducing representation (5.29,5.30) 
for tj  and un+1 in (5.28). After straightforward matrix manipulations, this gives
g i
(g / +  « gdj (
where gz, g / and g  ^ are the components of the global vector
g =  I G t  P n+1 (Fn+1 +  G un+1, £“) dV,n + l
(5.39)
(5.40)
’hn
associated, respectively, with the internal, master and dependent degrees of freedom 
of the RVE.
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5.4 .4  S o lu tion  P roced ure
The Newton-Raphson procedure which is used to solve the system g = 0 is as 
outlined in Section 4.4.4.
5.4 .5  H om ogen ized  Stress
The homogenized stress (5.22) is expressed in the discrete setting as an assembly of 
integrals performed at element level:
p h  = v E [ P d V ’ <5-41)
where the integration is performed numerically in a standard manner.
Alternatively, as pointed by Miehe [79], by considering the limit T  dA(= t  da) —> 
F b ,  where F &  are the nodal forces on the R V E  boundary, ( 5 . 2 2 )  can be expressed in 
the discrete setting as:
P h = (5.42)
The boundary coordinate matrix, (Q)&, as the collection of all nodal coordinate ma­
trices Qq such that, for M  nodes on the boundary:
Qt =  [Qi Q2 ... Q m]- (5.43)
Note that, if the out-of-plane homogenized stress is required in the plane strain case, 
then (5.42) can not be used alone.
5.4 .6  T angent M od u lus
The Newton-Raphson method relies on exact linearization of a global discrete resid­
ual vector within a finite element framework. This vector is in fact an assembly of 
element residual vectors, which in turn are calculated from integration of the homog­
enized stress tensor. Thus, this chain of dependencies require exact linearization of 
the homogenized stress tensor for each iteration of the Newton-Raphson procedure. 
This can be achieved by either linearizing (5.22), and then discretizing the result, 
or by directly linearizing the discretized homogenized stress (5.41) or (5.42). We 
proceed with the latter as follows:
CHAPTER 5. LARG E STR A IN  COMPUTATIONAL HOMOGENIZATION  92
It follows analogously to the small strain version that :
a p h _  y  
d F  ~  V
k W
T
d F U i
k  bf +  a k f td _ d p i i  f +  ^bbQb I i (5.45)
duwhere dpiif  = -qJt etc. Also, as F* =  0 ,
k  a
T
d p U i
k j y  T  a ik id d p i i f
k ib\£b =  0 . (5.46)
The consistent tangent is given by (5.45), where the unknowns dpUi and dpiif  are 
found from (5.46) by setting each column of —k ibQj as the residual and solving the 
existing global Newton-Raphson system, which returns the corresponding column 
of the unknown set {dpUi, dp iif}  in (5.45).
Note that, the format of the calculation of the tangent modulus is indifferent to 
the choice of boundary condition, which is implicit in the dependencies of degrees of 
freedom. Temizer and Wriggers [118] argue that macroscopic tangent computations 
by condensation inflict increasingly higher memory allocation requirements for in­
creasingly larger micro-structural samples that may not be easily met by standard 
workstations. This has not been our experience, probably for two reasons. The 
largest contribution to the cost of the computation comes from the first term on 
the left hand side of (5.46), which, in our implementation, is readily available as 
the upper portion of the global stiffness matrix of the converged solution, given by 
(4.58), so we do not need further computation or memory allocation. Furthermore, 
instead of merging (5.46) into (5.45), which necessitates a potentially costly inverse 
operation, we simply solve (5.46) for the unknown set of displacements, which are 
then inserted into (5.45).
5.5 C om puter Im plem en tation
The finite element framework developed in the previous section comprises the choice 
of boundary condition, prescription of the macro strain, the solution algorithm, 
stress and consistent tangent modulus update. This model can be employed in two 
main contexts:
• The Single-Scale RVE Homogenization, whereby the macroscopic constitutive 
response is produced by finite element solutions of a single RVE under pre­
scribed macroscopic strain histories, as schematically illustrated in Figure 5.3 
(left).
• Fully Coupled Two-Scale Analysis of solids, where the macroscopic equilibrium 
problem is solved simultaneously with one RVE equilibrium problem for each
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R VE
Figure 5.3: Large Strain Computer Implementation: (left) Single-Scale RVE Ho­
mogenization (right) Multi-Scale Fully Coupled Analysis
Gauss quadrature point of the macroscopic mesh [118, 115, 103]. In this case, 
the stress updating procedure used at each Gauss quadrature point of the 
macro-mesh involves the solution of an initial boundary value problem for the 
corresponding RVE, see Figure 5.3 (right).
5.5.1 S in g le-S ca le  RVE H om ogen ization
Single-scale RVE homogenization procedure comprises of:
1. Initially, depending on the choice of kinematical constraint:
(a) group boundary degrees of freedom into / ,  p or d (see Section 5.4.1).
(b) calculate dependency coefficients a (see Section 5.4.1).
2. At a typical time interval [tn,£n+1], with known set of internal variables, 
solve the incremental microscopic boundary value problem:
(a) input prescribed strain multiplied by the load factor £n+1
(b) apply prescribed displacements using (5.37)
(c) solve the system of equations (5.39) using a Newton-Raphson procedure
(d) update dependent degrees of freedom ,^, by (5.31)
3. Calculate homogenized stress with (5.42)
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An exam ple is borrowed from Miehe [79] to  verify and dem onstrate  the com pu­
ta tional framework for single scale RVE hom ogenization in the  finite s tra in  regime: 
We consider a un it square RVE w ith a circular void and two circular stiff inclu-
JR * ^
(a) (b)
(c) (d)
(b) 6.17E-00 7.66E-03 4.84E-03 3.74E-04 8.96E-06 4.27E-10
(c) 4.99E-01 9.99E-03 3.73E-03 4.26E-04 1.89E-05 6.75E-06 3.00E-09
(d) 3.29E-01 6.64E-03 1.54E-03 9.06E-05 2.53E-06 3.45E-10
Figure 5.4: Single-Scale RVE Homogenization: (a) In itial mesh of the  RVE, devel­
opm ent of equivalent plastic s tra in  and deformed mesh for (b) Uniform Traction 
b.c., (c) Linear b.c. and (d) Periodic b.c. (bottom ) convergence of residuals of the 
N ew ton-R aphson Scheme corresponding to  different boundary  conditions
sions. The void, as well as the  inclusions have a radius of 0.15, and are located 
at {—0 .2 ,—0.2}, {0.2,0} and {—0.2, 0.2} respectively, w ith respect to  a coordinate 
system  w ith  origin a t the  RVE center.
P lane stress condition is assum ed under finite s tra ins and the  RVE m atrix  m a­
terial is m odelled by a von Mises type elastoplastic law w ith shear and bulk moduli 
Hm =  8, Km  =  17.5, initial yield stress uo “  0.45 and  linear hardening m odu­
lus H  =  0.1. Inclusions are assum ed to  be Neo Hookean type hvperelastic w ith 
m aterial properties p  =  100 p m and K  =  100 K m respectively.
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The RVE is modelled by 810 standard 4 noded quadrilateral elements, and is 
loaded by a macroscopic deformation gradient given by:
F  = 1 0.10 1 (5.47)
The simple shear load represented by (5.47) is applied in 20 load steps. Figure 
5.4 shows the deformed configuration of the RVE, as well as the equivalent plastic 
strain for uniform traction, linear and periodic boundary conditions. In very good 
agreement with the reference paper, a horizontal shear develops for the periodic 
b.c. For the uniform traction b.c., for which the softest response is obtained, an 
additional vertical band is observed, which also agrees with Miehe [79]. Quadratic 
convergence of residuals for the RVE Newton-Raphson solution procedure for all 
three boundary conditions during the 9th load step is also presented.
0.3
0.25
0.2 
0.15 
0.1 
0.05 
0 «
.1
Figure 5.5: Single-Scale RVE Homogenization: (top) Macroscopic stress strain 
curves obtained by Uniform Traction b.c., Periodic b.c. and Linear b.c.
Figure 5.5 shows the shear component of homogenized Kirchoff stress f i2 versus 
the shear component of applied macroscopic deformation gradient F i2. As expected, 
the uniform traction b.c. and linear b.c. mark the lower and upper bounds respec­
tively, whereas periodic b.c. lies between them. The plot is in close agreement 
with the original paper, and the slight offset observed could be linked to element 
technology (original paper employs MINI-type mixed triangles).
1 i i i
■ 1 i  ■■ ■ ® t  § " 9 ■ 9 ■
0"'
' 0
■■a
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5.5 .2  T w o-S ca le  F ully  C oupled  A n a lysis
Large strain procedure for two-scale fully coupled analysis is outlined as follows:
1. Initially, depending on the choice of kinematical constraint:
(a) group boundary degrees of freedom into / ,  p or d (see Section 5.4.1).
(b) calculate dependency coefficients a (see Section 5.4.1).
2. At a typical time interval [tn,£n+1], solve the incremental macroscopic bound­
ary value problem. At a typical iteration step of the macro Newton-Raphson 
procedure, at every Gauss point, with known set of internal variables of the 
RVE associated with that Gauss point,
(a) solve the incremental microscopic boundary value problem:
i. calculate prescribed strain (multiplied by the load factor) £rH1
ii. apply prescribed displacements using (5.37)
iii. solve the system of equations (5.39) using a Newton-Raphson proce­
dure
iv. update dependent degrees of f r e e d o m , b y  (5.31)
(b) Calculate homogenized stress with (5.42)
(c) Calculate consistent tangent with (5.45)
We will use the multi-scale example given by Terada et al. [115], to compare and 
verify the methodology developed for fully coupled analysis. The authors consider 
an L shaped macro structure with geometry given in Figure 5.6 (left), which is 
loaded by a distributed load on its left face. The macro structure is discretized by 
55 standard 4 noded quadrilateral elements with 4 integration points.
All 220 RVEs corresponding to each of those integration points have a pore 
of volume fraction 50.33%, modelled initially with the same geometry as defined 
in Figure 5.6 (right), where 560 standard 4 noded quadrilateral elements with 4 
integration points are employed and plane stress condition is assumed.
The constitutive model for the hyperelastic solid is assumed to be of neo-Hookean 
type with material constants A= 7.14 MPa and fi=3.57, which coincide with the 
tangential response in the reference configuration of the principal stretch based 
Hencky type model originally employed by Terada et al. [115].
The loading of the macroscopic structure is performed in two time steps. Figure 
5.7 shows the deformation history of the structure at each of those steps, which are 
in perfect agreement with the reference paper. The von Mises homogenized stress is 
also plotted, which agrees with the reference paper as well. Convergence of residuals
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20 MN/m
R0.6
Figure 5.6: Multi-Scale Fully Coupled Analysis: Initial geometry, load and mesh: 
(left) macro structure (right) typical RVE
of the macroscopic Newton-Raphson procedure reveals the consistent linearization 
of the homogenized stress for each of the load steps.
Figure 5.8 shows the deformation history, as well as the projected von Mises 
stress on three distinct RVEs that correspond to points A, B and C of Figure 5.6 
(left) at both time steps, which are also in perfect agreement with the original paper. 
Each of the RVEs reflect the deformation state of the point that they represent, i.e. 
the displacement gradient at point A is dominated by the shear component, which 
is clearly revealed in the deformation pattern of the RVE. The deformation pattern 
of point C is mainly rotation, which is depicted by the deformation of the RVE. 
Negligible stresses exist at point C but omitted from the plot for convenience.
As pointed by Terada et al. [115], volume averaging of RVEs that are in a state 
of self-equilibrium solely characterizes the macroscopic behaviour at each point, 
without any assumed constitutive relationship at the macroscopic level.
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50% 3.24E-02 1.71E-01 2.49E-03 1.30E-04 6.67E-08 3.56E-13
100% 3.24E-02 2.03E-01 5.79E-03 1.07E-03 1.20E-05 1.27E-09
Figure 5.7: M ulti-Scale Fully Coupled Analysis: Developm ent of von Mises stress 
on deform ed macroscopic mesh for (left) 50% and (right) 100% load, and (bottom ) 
convergence of the macroscopic N ew ton-Raphson procedure.
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Figure 5.8: M ulti-Scale Fully Coupled Analysis: Development of von Mises stress 
and deformed mesh on RVEs th a t correspond to  points (left) A. (middle) B and 
(right) C for (top) 50% and (bottom ) 100% load. See Figure 5.6 for point locations.

Chapter 6
Techniques for Efficient 
Im plem entation
Due to their suitability for implementation within non-linear finite element environ­
ments, multi-scale methods are particularly attractive for the description of complex 
’macroscopic’ behaviour by means of relatively simple RVEs that take into account 
the geometry of the micro-structure and whose response is modelled by conventional 
continuum non-linear constitutive laws. For the fully coupled two-scale analyses of 
solids, where the macroscopic equilibrium problem is solved simultaneously with one 
RVE equilibrium problem for each Gauss quadrature point of the macroscopic mesh 
[75, 76, 115], the stress updating procedure used at each Gauss quadrature point of 
the macro-mesh involves the solution of an initial boundary value problem for the 
corresponding RVE.
Memory storage (stemming, for instance, from the collection of internal variable 
sets of all integration points of each RVE) as well as floating-point calculation re­
quirements make multi-scale strategies very computationally demanding in general. 
Their practical use in the simulation of industrially relevant problems is largely lim­
ited by the computing power available at present. Whenever feasible, such simula­
tions often require computing times orders of magnitude greater than those normally 
associated with conventional single-scale analysis. To address the problem, the use 
of parallel computing in this context is reported [28, 71].
In this chapter, we consider two approaches to remedy different aspects of the 
problem: Interface discretization is a concept borrowed from fluid-structure inter­
action, and works by decreasing the dependency overhead of periodic and uniform 
traction boundary conditions. We also develop a sub-stepping procedure that ob­
tains better initial guesses for failed iteration steps of the microscopic equilibrium 
Newton-Raphson scheme, which allows larger time/load steps to be prescribed at 
the macroscopic scale, leading to substantial savings in computing time.
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6.1 Interface D iscretiza tion
The ’raw’ implementation of the kinematical constraint, as described in Chapters 4 
and 5 has some disadvantages. For the periodic b.c., the finite element mesh has to be 
symmetric on the boundary to allow one to one correspondence of nodes. The mesh 
cannot be locally refined. Furthermore, the fluctuating part of the displacement u  
is carried by half of the boundary degrees of freedom, which increases the relative 
time cost of the problem compared to linear b.c., where the boundary degrees of 
freedom are all prescribed and do not appear as unknowns.
The uniform traction b.c. suffers from the boundary dependency overhead sub­
stantially, as most boundary degrees of freedom are treated as free, with displace­
ment fluctuations appearing as unknowns. Furthermore, the sparsity of the global 
stiffness is adversely affected by the dependency of 3 or 4 degrees of freedom on all 
but 3 prescribed degrees of freedom on the boundary, which makes the solution of 
this boundary condition considerably slower.
in te r fa ce  nodes
RVE b o u n d a ry
i
+
Figure 6.1: Finite Element interpolation at RVE boundary
It is tempting to apply the periodic and uniform traction boundary conditions 
on an independently discretized interface, similar to the one proposed by Dettmer et 
al. [25], instead of the actual boundary nodes. The interface is linked to the boundary 
nodes in the same master-dependent sense as set out earlier in chapters 4 and 5, but 
the dependency is conveyed through finite element type linear interpolation func­
tions, so tha t the displacement of node C can be expressed in terms of displacements 
of interface nodes A  and B  as:
U q  =  U a N a (@C) +  U b N b (@C) (6.1)
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as shown in Figure 6.1. Shape function values are obtained by the geometric rela­
tionships:
NWC)  =  -J L p , N b{oc] = (6-2)
P erio d ic  b.c.: Interface nodes for a typical RVE with Periodic b.c. are shown
in Fig 6.2(a). Nodes on are geometrically dependent on interface masters, as 
described above for node C. Note that (6.1) and (6.2) also imply the relationship:
(c)(b)(a)
Figure 6.2: Periodic b.c. (a) initial mesh; and deformed mesh: (b) with and (c) 
without the interface
u c — u a N a(@c) +  u b ^ b{@c) (6-3)
so that the displacement of node C is expressed as:
u c  =  u*c  +  u a N a (@c ) +  u b N b (@c ) (b-4)
For every node D on Q_ , we assume a fictitious node D on as shown in 
Figure 6.1, so that the periodic dependency given by u D =  up' applies. Node D'\ 
relates to masters A  and B  in the same way as node C, so that the displacement off 
node D is expressed as:
up = u*D + uaNa^ d1) + u bNb{@d') (6-5)j
Note that the format of (6.4) and (6.5) is the same as (4.43), where the depen­
dency coefficients a are the shape function values. Displacements of corner nodes 
are prescribed by the macro strain.
Introduction of interface nodes can be interpreted as pointwise enforcement of 
the kinematic constraint. Linear b.c. applies between these points (interface nodes),
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which is clearly seen in Figure 6.2, where deformed RVE meshes with and without 
interface nodes are compared.
U n ifo rm  T rac tio n  b.c.: Interface nodes for a typical RVE with uniform traction 
b.c. are shown in Fig 6.3(a). The 3 dependent and 3 prescribed boundary degrees of 
freedom can be assigned to 3 corners. Kinematical constraint is enforced pointwise 
at interface nodes, and Linear b.c. applies for all nodes between interface nodes.
(a) (b) (c )
Figure 6.3: Uniform traction b.c., (a) initial mesh; and deformed mesh: (b) with 
and (c) without the interface
6.1 .1  N u m erica l E xam p le
A numerical example is presented to demonstrate the use of interface discretization 
as a means to achieve a faster solution.
A 20 x 36 cm plate with a 5 cm radius hole in the middle is stretched longitudinally 
by 0.5 per cent. Plane stress condition is assumed and because of symmetry, only a 
quarter of the plate is discretized into 24 quadratic elements as shown in Figure 6.4
(a) and (b).
All 96 RVEs are initially characterized by the typical RVE with a 15% void de­
scribed by a single hole at its centre, and is discretized with 320 quadratic elements, 
as shown in 6.4 (c), with the following material properties : von Mises type elasto- 
plastic with Young’s modulus E — 70 GPa, Poisson’s ratio v =  0.2 and initial yield 
stress a0 = 243 MPa. Linear hardening is assumed with hardening modulus H = 0.2 
GPa.
The target number of time steps is set to 50, and 6 different RVE boundary condi­
tion variations are tested for small and finite strain regimes: namely, periodic and
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7777
Figure 6.4: Interface discretization: (a) macro geometry and boundary conditions; 
(b) macro FE mesh with Gauss points; RVE FE mesh and interface nodes (c) 
Periodic b.c. and (d) Uniform Traction b.c. : (top) without the interface, (middle) 
with 10 divisions on edges, (bottom) with 5 divisions on edges
uniform traction b.c. with 5 and 10 interface nodes at edges, as well as without the 
interface, where all boundary nodes act as the interface, as shown in Figure 6.4 (c) 
and (d) respectively.
Figure 6.5 shows the reactions at the center of the plate with respect to the top 
edge displacement for small strains, obtained using 3 interface levels for uniform 
traction b.c. and periodic b.c. . While the RVE boundary discretized with 5 inter­
face divisions differs only slightly, the RVE boundary discretized with 10 interface 
divisions is in good agreement with the solution acquired without the use of interface 
discretization. Interface discretization solution takes about 60 per cent of the time 
required without the interface at very small compromise of accuracy.
Figure 6.6 is the large strain version of Figure 6.5, and shows similar trends to its 
small strain counterpart. While the RVE boundary discretized with 5 interface divi­
sions differs only slightly, the RVE boundary discretized with 10 interface divisions 
is in good agreement with the solution acquired without the use of interface dis­
cretization. Interface discretization solution takes about 50-60 per cent of the time 
required without the interface at negligible compromise of accuracy.
Convergence of residuals for small and finite strain regimes is given in Table 6.1 
for periodic b.c. for three boundary interface variations, where it is shown that the 
quadratic asymptotic convergence is preserved in all three cases.
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Linear b.c. 
Periodic b.c. 
5 divisions per edge 
10 divisions per edgee 
as is (40 divisions per edge)
displacement of upper edge
PbOTda>
100
80
60
40
20
0
Linear b.c. 
5 divisions per edge 
10 divisions per edge 
as is (40 divisions per edge) 
Uniform Traction b.c.
0.03 0.06
displacement of upper edge
(b)
100 r 
80 
60 
40 
20 
0
I
0.09
Z
A
incl. failed steps10U1<3U. I________ |
5 divisions per edge l w w n  
10 divisions per edge e x x x x x  
no interface X / / / / A
(c) (d)
Figure 6.5: Comparison of 3 interface levels at small strain regime: reac­
tion/displacement diagram (a) uniform traction b.c. (b) periodic b.c. ; relative 
computational time required for (c) uniform traction b.c. (d) periodic b.c.
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Linear b.c. 
*  Periodic b.c.
5 divisions per edge 
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as is (40 divisions per edge)
displacement of upper edge
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Figure 6.6: Comparison of 3 interface levels at large strain regime: reac­
tion/displacement diagram (a) uniform traction b.c. (b) periodic b.c. ; relative 
computational time required for (c) uniform traction b.c. (d) periodic b.c.
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I II III
2.43E-01 2.43E-01 2.44E-01
5.91E-04 5.90E-04 5.82E-04
1.06E-05 8.77E-06 3.06E-06
2.07E-11 2.08E-11 2.25E-12
I II III
2.43E-01 2.43E-01 2.44E-01
5.96E-04 5.95E-04 5.87E-04
5.53E-06 1.18E-05 3.59E-06
3.79E-09 1.39E-08 4.77E-09
1.75E-11
Table 6.1: Convergence of residuals for periodic b.c. at time=0.2 for (left) small 
strain and (right) large strain regimes: (I) without the interface, (II) with 10 divi­
sions on edges, (III) with 5 divisions on edges
6.2 Im proved In itia l Guess: Sub -S tep p ing
In this section, we will develop a sub-stepping procedure to increase the robustness 
and efficiency of the numerical solution scheme for the RVE equilibrium problem. 
The procedure has the potential to dramatically reduce computing times in coupled 
two-scale analyses under small strains. For finite strains, especially when dissipa­
tive constitutive models are used at the RVE level, the method almost becomes a 
necessity.
A number of schemes have been proposed in the literature to improve the ro­
bustness of stress-updating algorithms associated with conventional dissipative phe­
nomenological constitutive models such as plasticity and visco-plasticity [93, 14, 
26, 101]. Such schemes are generally based on the idea of ensuring convergence, for 
larger time steps, of the algorithm used in the solution of the non-linear system of al­
gebraic equations resulting from the time-discretisation of the constitutive equations 
of the model. This has been achieved, for example, by means of improved initial 
guesses for the Newton-Raphson scheme adopted in the non-linear algebraic system 
solution [93, 14], by resorting to line-searches [26] or by sub-stepping [91, 125]. In the 
present context of multi-scale analysis, where the failure of the stress updating pro­
cedure has a far more serious impact on computing times, we borrow these ideas to 
develop a sub-stepping procedure capable of generating improved initial guesses for 
the Newton-Raphson scheme used in the iterative solution of the RVE equilibrium 
problem defined at each Gauss quadrature point of the discretised macro-continuum. 
We remark that the quadratic rates of asymptotic convergence that characterize the 
Newton-Raphson scheme are preserved by the methodology.
6 .2 .1  C ost o f  Failure
The success of the Newton-Raphson procedure in finding an acceptable solution can 
only be achieved if
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1. The initial guess for un+1 lies within the bowl of convergence of the Newton- 
Raphson scheme for the particular incremental problem in question. As the 
initial solution guess is typically taken as u n (i.e., the initial guess for the 
updated configuration at tn+1 is the equilibrium configuration at tn), this can 
be ensured by having a sufficiently small increment of applied loads b and t 
between tn and tn+1. Complementary procedures to enlarge the bowl of con­
vergence of the Newton-type iterative scheme, such as line search algorithms 
[21], can be used to allow for larger load/time steps.
2. The updated stress (4.4) and (5.4) can be successfully obtained by the rel­
evant computational procedure for all Gauss quadrature points of the mesh 
in question. Highly non-linear constitutive models are particularly prone to 
limit the maximum strain increment sizes for which the stress updating can 
be successfully accomplished. Situations where this issue becomes critical are 
discussed in references [13, 26, 14, 93].
Within the multi-scale constitutive modelling strategy, the stress updating pro­
cedure symbolically represented by (4.4) and (5.4) involves itself the solution of a 
(possibly highly non-linear) incremental equilibrium boundary value problem for the 
associated RVE. If a solution for the RVE equilibrium problem cannot be found for 
the given incremental macroscopic strain, then the updated stress cannot be com­
puted and the macroscopic iterative solution algorithm has to be stopped. The usual 
course of action in such cases is to cut the macroscopic load increment and try to 
solve a new incremental problem with reduced load increment. In the course of the 
present research it has been found that this type of failure is not uncommon, even 
when the RVE has a relatively simple geometry and its material is modelled by, for 
example, standard von Mises-type elasto-plastic constitutive equations. This usually 
incurs a dramatic increase in overall computational costs. Note that for a macro­
scopic finite element discretization with nei elements having ngauss Gauss quadrature 
points each, there are nei x ngauss micro-scale boundary value problems to be solved 
at each macroscopic Newton-Raphson iteration of each macroscopic time/load step. 
If niter iterations are needed for the macroscopic Newton-Raphson scheme to con­
verge, then each time/load step involves the solution of nei x ngaussx n iter micro-scale 
incremental boundary value problems. Hence, it is crucial that the solution proce­
dure for the RVE equilibrium problem be made sufficiently robust in order to allow 
the macroscopic stress to be successfully updated for large macroscopic time/load 
increments, so that a solution for the whole macroscopic loading programme can be 
attained in as few increments as possible.
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If the RVE equilibrium Newton-Raphson scheme fails to converge for a single step 
solution to F n+1, set F fai1 =  F n+1 and proceed as follows:
1. Store RVE equilibrium state at tn: {ust0redi -Stored}
2. Sub-stepping. Compute improved guess for u n+1
(a) Decompose jpfail; with reference to Figure 6.7:
i. Set A F tail =  F fail(F '*)-1
ii. Compute A F int =  V A F fail
iii. Set mid-step macro deformation gradient, F mt = A F mtF n
(b) Set initial guess for ulnt, u(0! t— un
(c) Use Newton-Raphson algorithm to find umt corresponding to F mt.
IF attem pt fails, THEN re-set jFfai1 =  F mt AND GO TO 2. Repeat sub­
stepping recursively until success is achieved.
ELSE
i. Set un =  uint
11. Set F  =  F
iii. GO TO (2c), exit when the outermost .Fint(=  ,Fn+1) succeeds
3. Retrieve equilibrium state at tn
{un, F n} <- {Stored, -F"tored}
4. Try F n+1, using ^n+1 <— and uint, available from the last step of (2).
Box 6.1: Recursive Sub-stepping Procedure
6.2 .2  R o b u stn ess  o f  th e  N ew to n -R a p h so n  Schem e
Consider an RVE (associated with one Gauss integration point of the macroscopic 
mesh) for which an equilibrium state has been found at time station tn. The equi­
librium state of the RVE is characterized by the vector u n of nodal displacement 
fluctuations, a field of internal variable sets and a (given) macro deformation 
gradient F n. The common practice in the solution of conventional solid mechanics 
problems is to choose
u (0) := un (6.6)
as the initial guess for un+1 when an iterative process of the type (4.58,4.59) is started 
for time/load step [tn, tn+1]- In the present context, however, numerical experience 
has demonstrated that this standard choice of initial guess too often falls outside the
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bowl of convergence of the Newton-Raphson scheme, leading to convergence failure, 
even for relatively small incremental macroscopic deformations. This issue becomes 
particularly critical for elasto-plastic RVEs and has been frequently observed for 
RVEs with a standard J2 finite elasto-plasticity constitutive law. Whenever the 
iterative process fails to converge, the updated macroscopic stress cannot be com­
puted. The usual alternative then is to stop the macroscopic analysis and re-start 
it from the last equilibrium solution (at tn) with a reduced load/time increment. 
As briefly explained earlier, the computational costs incurred by such failures in the 
present context are massive.
6 .2 .3  S u b -S tep p in g  P roced ure
The improved initial guess for the Newton-Raphson scheme (4.58) for solution of 
(4.53) will be obtained by means of a rather simple sub-stepping procedure. If, for a— j  ^ — fstll
given macroscopic deformation gradient F  =  F  , the Newton-Raphson scheme 
diverges or fails to converge within a reasonable number of iterations, we proceed 
as follows (refer to Figure 6.7):
Figure 6.7: Decomposition of the deformation gradient for a failed time step tn —>■ 
tn+1 into two sub-steps tn —» tmt —* tn+1.
1. Split the original deformation step AjF fai1 =  F ia'il(F n)~1 into two substeps and 
define an intermediate configuration so that we now have
F mt =  A F mtF n] F n+1 — A F mtF m\  (6.7)
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where1
A F m  =  \ /  A F tail (6.8)
2. Use u n as an initial guess for the Newton-Raphson scheme to find u mt -  the 
solution of the RVE equilibrium problem at the intermediate configuration 
corresponding to F  .
3. Use the intermediate solution u int as an initial guess to find u est -  the solution 
of the RVE equilibrium problem at F n+1 following the two-step path F n
■pint F U+1'
4. Finally, use u est as an initial guess to find u n + 1  -  the RVE equilibrium solution 
for the required one-step path F n —> F n+1.
Note tha t procedures 2 and 3 above are also susceptible to convergence failure. 
If the RVE equilibrium Newton-Raphson scheme fails to converge for steps 2 or 3 (or 
both), then the sub-stepping procedure 1-4 is applied recursively, i.e., two sub-steps 
are performed for every failed step, until an estimate u est for u n + 1  is successfully 
obtained. The recursive procedure is given in Box 6.1 in pseudo-code format.
R em ark : It could be argued that the incremental macro stress could be taken as
the volume average of the microscopic stress field associated with estimate u est itself. 
It is im portant to note, however, that if one chooses to do so, consistency between 
the macroscopic constitutive tangent operator and the stress updating procedure is 
lost, and so is the highly desirable quadratic rate of asymptotic convergence that 
characterizes the Newton-Raphson scheme used to solve the macroscopic equilibrium 
problem. Step 4 above is crucial to preserve this consistency. Experience has shown 
that the extra computation time spent in step 4 is usually more than compensated 
by the gain in convergence rate and its consequent reduction in the number of (po­
tentially massively expensive) iterations required in the solution of the macroscopic 
incremental equilibrium problem.
6 .2 .4  N u m erica l E xam p les
Two numerical examples are presented to demonstrate the effectiveness of proposed 
sub-stepping scheme. First, a single RVE is subjected to a range of incremental 
macroscopic deformations to determine the convergence retrieving characteristics 
of the scheme. Then, a multi-scale example consisting of a macroscopic initial 
boundary value problem with a multi-scale based constitutive model is presented
1 We use a Newton-Raphson procedure to solve for A F mt in (6.8), where we define the residual 
as R  — A F mtA F mt — A F fal1, which is then linearized in a standard fashion.
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to illustrate the savings on overall computational cost resulting from the use of the 
sub-stepping procedure.
Single-scale test
A square RVE under plane strain with a 15% void described by a single hole at its 
centre, is discretized by a structured mesh of 320 quadratic (8 -noded) isoparametric 
elements with reduced ( 2  x 2 ) Gauss integration quadrature. The material of the 
RVE is modelled by means of a standard multiplicative hyperelastic-based von Mises 
elasto-plastic model with Young’s modulus E = 210 GPa, Poisson’s ratio v = 0.29 
and initial yield stress cr0 = 450 MPa. Linear hardening is assumed with hardening 
modulus H  = 0.2 GPa. The mesh of the RVE in its initial configuration is shown 
in Figure 6.4 (c).
To test the proposed procedure under the large strains assumption, macro de­
formation gradients of the form
F  =
1 + a x 0.05 (3 x 0.05
0 1 T a x  0.05
are imposed upon the RVE, starting from its initial configuration, for various com­
bination of parameters a, (3 € [0,1]. Note that by varying the multipliers a and 
j3 between 0  and 1 , the above tensor covers a range of the space of deformation 
gradients having combinations of strains with up to 5% straining in the volumetric 
and pure shear strain directions.
For each combination (a, /I), we record the number of sub-steppings required to 
obtain an initial guess for un+1 leading to single step convergence of the RVE equi­
librium problem. A 30x30 grid of (a,/3) pairs is used here to assess the algorithm 
over the above range of incremental deformations. The contour plot of the resulting 
surface in the a~/3 space is shown Figure 6 .8 (a). Numbers refer to the maximum 
recursion depth of sub-stepping required to achieve a convergent estimate. It illus­
trates clearly the effectiveness of the sub-stepping algorithm in allowing single step 
convergence for relatively large deformation gradient increments of the RVE. Note 
that convergence with the conventional initial guess (6 .6 ), i.e., without the proposed 
sub-stepping algorithm, can only be achieved for a very small range of incremental 
deformation gradients - the black region at the left-bottom corner of Figure 6 .8 (a) 
and (b). White regions correspond to incremental deformation gradients for which 
the Newton-Raphson scheme fails even after the use of the sub-stepping procedure.
This result indicates that without the proposed procedure the macroscopic in­
crements of load/time will, potentially, have to be severely limited due to the lack 
of robustness of the multi-scale stress updating constitutive algorithm. Such lim­
itations usually incur substantial computational costs. This will be confirmed in
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Figure 6 .8 : Single-scale test: maximum recursion depth of sub-stepping required to 
achieve a convergent estimate for (a) finite strains and, (b) small strain regime
the numerical example discussed in Section 6.2.4. Under the assumption of small 
deformations, the macro infinitesimal strain
£ =
a x 0.05 p  x 0.05 
sym. a  x 0.05
is imposed instead. The resulting contour plot is shown in Figure 6 .8 (b). The 
improvements obtained in this case are also substantial. Note that the proposed 
initial estimates leads to convergence for the whole range of incremental infinitesimal 
strain combinations covered by the present analysis. In summary, the use of the sub­
stepping procedure has greatly enhanced the robustness of the Newton-Raphson 
scheme at the RVE level.
M ulti-sca le  te s t
The purpose of this example is to demonstrate the overall computing time savings 
achieved with the application of the proposed sub-stepping procedure in the solu­
tion of macroscopic initial boundary value problems characterized by a multi-scale 
constitutive description of the underlying material. A plate measuring 20x36 cm 
containing a 5 cm radius hole in its centre is stretched longitudinally by 0.5 per 
cent. Both infinitesimal and large strain theories are considered. Because of sym­
metry, only a quarter of the plate is considered, which is discretized into 24 8 -noded 
quadratic elements with (3 x 3) Gauss integration quadrature. See Figure 6.4 for 
the geometry, macro and RVE mesh.
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(a) (b)
Figure 6.9: Multi-scale test. RVEs for which the sub-stepping procedure was in­
voked: (a) small strains, (b) large strains
The plate is assumed to be made of a porous elasto-plastic material with com­
putational multi-scale constitutive law described by RVEs of initial geometry and 
discretization identical to the one used in the previous examples . Plane stress con­
dition is assumed and the RVE matrix material is modelled by a von Mises type 
elastoplastic law with Young’s modulus E  = 70 GPa, Poisson’s ratio v =  0 .2 , initial 
yield stress do =  243 MPa and linear hardening modulus H  = 0.2 GPa. Under the 
large strain assumption, a Hencky hyperelasticity-based multiplicative extension of 
the infinitesimal constitutive law [13] is adopted. Two types of RVE kinematical con­
straints are considered: periodic boundary fluctuations and minimum kinematical 
constraint (uniform boundary traction).
The loading programme consists in applying incrementally a uniform vertical 
(stretching) displacement to the nodes of the top edge of the mesh until a total 
axial straining of 0.5% is achieved. The target number of time steps is set as 50, 
and the problem is first solved without sub-stepping. Note that for the method to 
be effective, the maximum number of RVEs allowed to substep has to be limited, as 
well as the maximum depth of recurrent sub-stepping. In this example, we have set 
these limits to 10 and 5 respectively. We assume the method has failed to recover 
convergence if either of these limits is exceeded.
Results of small strain analysis for periodic and uniform traction boundary condi­
tions are shown in Figure 6.10. For the periodic boundary condition, use of substep­
ping reduces the required number of time steps from 133 to 60, which corresponds 
to 44% reduction for the computational time. For the uniform traction boundary 
condition, the required number of time steps is reduced from 118 to 56, here the 
computational time with substepping is 47% of the time without it.
Convergence of residuals for the micro Newton-Raphson procedure during sub­
stepping of a typical failed step (taking place at the last macro Newton-Raphson 
step of time 0.3 at the RVE at left bottom corner) is depicted in Table 6.2 (top).
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Figure 6.10: Multi-Scale Small Strain Test: (left) time steps and (right) relative 
computational time required for (top) periodic b.c. and (bottom) uniform traction 
b.c.
Sub-stepping is activated following failure of the original procedure (I). Second half 
of this first sub-step layer (III) fails as well, which is recovered by sub-steps IV and 
V respectively. Note that the estimate for step VI is set by the solution at step V, 
and is very close to the solution, as clearly seen in the first residual of this step.
Under the assumption of finite strains, the savings achieved by the proposed 
methodology are considerably more pronounced than under the small strains as­
sumption. Figure 6.11 reveals overall speed-up factors of 3 to 4. For the periodic 
boundary condition, the required number of time steps is reduced from 415 to 82, 
where for the uniform traction boundary condition, the reduction is from 281 to 80.
The large strain version of the table of convergence of residuals for the micro 
Newton-Raphson procedure during sub-stepping of a typical failed step (taking place
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Figure 6.11: Multi-Scale Finite Strain Test: (left) time steps and (right) relative 
computational time required for (top) periodic b.c. and (bottom) uniform traction 
b.c.
at the last macro Newton-Raphson step of pseudo time 0.3 at the RVE at left bottom 
corner) is depicted in Table 6.2 (bottom). 3 depths of recurrent sub-stepping is 
necessary to recover convergence. Note that, as the method is only employed as an 
estimate for the Newton-Raphson scheme, the reaction/displacement diagrams with 
and without sub-stepping coincide exactly (down to the stipulated RVE equilibrium 
convergence tolerance). As expected, the RVEs for which the sub-stepping was 
invoked correspond to concentrations of plastic flow, as shown in Figure 6.9.
Both examples demonstrate a dramatic improvement in the robustness of the 
microscopic scale Newton-Raphson scheme, leading to substantial savings in overall 
computing time, while the quadratic rate of asymptotic convergence of the macro­
scopic scale Newton-Raphson scheme is preserved.
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III
IV
VI
I no conv.
II 3.90E-02 1.13E-04 7.92E-04 2.45E-04 8.83E-06 2.90E-06 1.63E-07 5.88E-13
III no conv.
IV 7.05E-01 3.52E-03 3.43E-02 7.38E-04 1.27E-04 1.67E-05 5.55E-06 9.68E-10
V 7.05E-01 3.54E-03 2.83E-02 7.36E-04 1.77E-04 3.40E-05 2.98E-08 2.71E-14
VI 4.70E-05 1.60E-06 4.59E-11
III
IV
VIII
I no conv.
II 9.28E-01 3.39E-06 7.17E-13
III no conv.
IV 9.94E-01
3.78E-13
5.29E-04 2.44E-03 1.48E-04 3.9E-05 7.33E-06 1.04E-06 8.99E-08
V no conv.
VI 4.97E-01 2.58E-03 2.51E-02 3.73E-04 1.6E-04 1.94E-05 1.53E-06 3.29E-10
VII 4.97E-01 2.62E-03 1.3E-02 4.87E-04 9.4E-05 3.5E-05 1.45E-06 1.11E-10
VIII 6.06E-05 3.53E-07 1.16E-11
Table 6.2: Convergence of residuals for micro Newton-Raphson procedure during 
sub-stepping of a typical failed step, pseudo time=0.3, last macro iteration, RVE at 
left bottom corner, (top) small strain test, (bottom) finite strain test
Chapter 7
Applications I: Fibre Reinforced 
C om posites
Composites are natural or engineered materials that consist of two or more distinct 
phases or constituents with significantly different physical or chemical properties. 
The constituents are separated by a distinct interface which remains separate and 
distinct on a macroscopic level within the finished structure. The continuously dis­
tributed base constituent or phase is termed matrix. It surrounds the reinforcement 
phase, which usually serves to improve desired properties of the matrix. Obvious 
examples of natural composites are wood, bone and teeth. Wood consists of cellu­
lose fibres embedded in a matrix of lignin, whereas bone or teeth are composed of 
hard inorganic crystals in a matrix dominated by collagen. Design and manufacture 
of synthetic composites fall into a number of areas of interest, so they are classified 
according to the viewpoint of that specific area in question. For a detailed read, 
please refer to introductory texts such as [51] or [72].
The shape, size and distribution of the reinforcement plays a significant role in the 
overall response of the composite. Particle and short fibre reinforced composites 
generally have a random distribution of the reinforcement phase, although they can 
be also be aligned in a preferred direction. Long fibre composites exhibit directional 
anisotropy, either unidirectional or woven into 2 directions. Long fibre composites 
with high fibre volume ratios tend to be packed in hexagons, whereas as the fibre 
volume ratio gets smaller, the packing becomes random. Laminates consist of layers 
of long fibres with altered orientations.
7.1 In troduction  and Background
Accurate micro-mechanical predictions of elastic constants of a composite, which 
take the shape, size and distribution of the reinforcement into account, as well as
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the material properties of both the matrix and the reinforcement are very desirable in 
engineering design, as they offer the possibility of tailoring the composite for specific 
needs. In the first part of this chapter we will obtain micro-mechanical predictions of 
elastic constants for long fibre reinforced (boron/aluminium and glass/epoxy) com­
posites from solution of the boundary value problem of an RVE. Similar studies have 
appeared in the literature since 1980’s: Adams and Crane [1 ] used separate bound­
ary conditions for normal and shear loading, while Zhang and Evans [130] and Shi 
et al [100] used axisymmetric unit cells. Brockenbrough et al [10] investigated fibre 
packing and shape on the overall properties using linear boundary conditions. Sun 
and Vaidya [109] imposed separate boundary conditions for each property sought, 
Xia et al. [124] extracted the material properties of a square packed periodic RVE 
from the compliance matrix. Michel et al. [75] decomposed boundary displacements 
and solved for fluctuations of displacement in response to the prescribed strain, us­
ing Fast Fourier Transform instead of Finite Element Method.
First, mechanical properties for a boron/aluminium composite will be extracted 
from homogenization of square and hexagonal packed RVEs, and compared to ear­
lier works. Next, predictions obtained from homogenized RVEs for varying fibre 
volume ratios of a glass/epoxy composite are compared to mechanics of materials 
and analytical (Hashin-Rosen and Halpin-Tsai) approaches.
Fully coupled two-scale analyses will be performed in small and large strain regimes, 
where no material model is assumed at the macroscopic level, and the results will 
be compared to those obtained using single scale anisotropic continuum material 
models.
A strong interface is assumed with perfect bonding of the matrix and reinforcement 
phases in all applications of this chapter. The methodology used for single scale 
examples will be outlined first:
M echanics of m a te ria ls  approach employs the slab model shown in Figure 7.1(a) 
and is based on Voigt and Reuss assumptions of uniform strain or uniform stress, 
depending on the property sought. Voigt [123] assumed all the ingredients of a 
polycrystal experienced the same state of deformation. This crude assumption of 
uniform strain coincides with a simple volume weighing of phase stiffnesses, called 
the rule of mixtures:
K  =  (1 - f ) K m + f K f  ‘ (7.1)
G = ( 1  — f ) G m + f G f  (7-2)
where subscripts (.)/ and (.)m denote the fibre and matrix, while /  denotes the fibre 
volume ratio. As pointed in Chapter 4, rule of mixtures corresponds to a particular
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case of the present approach, given by (4.16). Dual to Voigt assumption is uniformity 
of the stress over the composite, due to Reuss [9
1 -  /  /: --—— + -j—
R N-m f
1 - /  /
f 1m W
(7.3)
(7.4)
which coincides with volume weighing of compliances. As Hill [46] notes, in the 
Voigt model the forces between grains could not usually be in equilibrium, while in 
Reuss model the distorted grains could not fit together. However, as shown by Hill 
[46], Voigt and Reuss models are the upper and lower bounds for the elastic moduli:
K r < K  < K v , Gr < G < G \ (7.5]
The mechanics of materials prediction of each property will be discussed under the 
relevant heading.
■;)
:>
\ ,
f,
(a) (b) (c)
Figure 7.1: Models used by analytical approaches
H alp in  and  Tsai simplified Hermans’ generalized self-consistent model [45] for a 
composite with aligned continuous fibres [39], and obtained a general closed form 
expression applicable to an extended range of reinforcement geometries:
p_ = ( l+ f r ? / )  . ( J t z E  ( 7  6 )
Pm 1 - n f  L t + O
where, P  is the composite property, which could be A', G or G&- £ has different 
values for the property sought. We note here the criticism by Christensen and Lo 
[18] and Hashin [43] about Hermans’ work [45], which has implications on the Halpin 
and Tsai equations which are derived from it.
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H ash in  an d  R osen  used the composite spheres/ cylinders model where the volume 
is assumed to be filled by varying sizes of composite spheres having the same out­
side radius to inside radius ratios, as in Figure 7.1 (c), to calculate only the effective 
longitudinal Young’s modulus, longitudinal shear modulus, longitudinal Poisson's 
ratio and the transverse bulk modulus of a composite [42]. They have not sup­
plied closed form expressions for transverse properties but gave bounds for them. 
Christensen and Lo [18] derived G2 3 later, assuming a cylindrical particle encased 
in a matrix shell which is embedded within an infinite homogeneous medium whose 
unknown properties are the same as the composite, Figure 7.1 (b). The Hashin- 
Rosen-Christensen prediction of each property will be discussed under the relevant 
heading.
(a) (b)
Figure 7.2: Fibre packing models : (a) Hexagonal (b) Square
T h ree  d im ensional RV Es , either square array packed cubic or hexagonal packed 
rectangular prisms, were used to represent various fibre volume ratios /  between 
10% and 60%; see, eg. Figure 7.3 for hexagonal and square packed RVE’s with 
/  =  47%. To extract the homogenized response, the 3D RVE, which is aligned 
so that fibre direction coincides with axis 1 , is subjected to a test strain. The
homogenized tangent stiffness is equivalent to the transversely isotropic elasticity
tensor (see Chapter 3):
EaEva 
A
E { E v A + E A v) / 7
k ( 1 +v )  0 - 0
E ( E v \ - E a ) 
k( l+ i / )
" C\\ C\2 C\2
C 2 2 C 2 3 —
sym .
E \ { y - 1)
s y m
EaEva
e (e Da - e a )
k( \-\-u)
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(a) (b) (c)
Figure 7.3: RVE initial meshes w ith (a) 3D hexagonal and (b) 3D square packings, 
fibre volume ratio  / =  47 %, (c) 2D slab model
which is repeated here for convenience. Four independent equations emerge as:
c „ - S < L z i > ,  „
c „-  S M  ,  o
k (1 -f- is 
+
E { E v \  +  E a v
c 12  M ^ = o
C23 H , /■ - -7  — 0A (1 -f- 12)
(7.8)
where k = E A{y — 1) +  2E v \ .  Because of the apparent non-linearity in (7.8), a 
N ew ton-Raphson procedure is used to  solve for the unknowns E A, E , v , v A. The 
procedure is repeated for the  RVE constrained by linear displacements and periodic 
displacem ents boundary conditions.
M oduli G A and G  follow directly from C 44 and C55 respectively.
2 D RV Es were used to com putationally  represent the slab model, for various fibre 
volume ratios f  between 10% and 90%; see, eg. Figure 7.3. Each RVE is a unit 
square which is composed of 110 quadratic  finite elements. The 2D RVE is subjected 
to  a test strain . The tangen t stifness is recorded, which is then equated to  the  plane 
stress version of the transversely isotropic elasticity tensor (see C hapter 3) , found
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by equating the out-of-plane components of stress to zero:
' C n C\2 0  '
<M11—i
III
" E a Ev 0
C22 0 E 0
sym. C33 _ sym. Ga { 1 -  n v2)_
where n = Ga is given by C3 3  and n, u are found as:
Cn = 22
C
v = 12
Cu  ’ C2 2
which are then used to find the remaining unknowns E a , E :
Ea =  C n ( l -  nz/2) ; E = C22(l -  nu2)
(7.9)
(7.10)
(7.11)
The procedure is repeated for the RVE constrained by linear displacements, periodic 
displacements and uniform traction boundary conditions.
7.2 V ariation o f M aterial P rop erties w ith  Packing  
Order
We consider a Boron/Aluminium composite, characterized by elastic matrix and 
fibre with perfect bonding, and following constituent material properties:
Ef = 379.3 MPa ; Em = 68.3 MPa 
Vf = 0.1 ; vm =  0.3
Sun and Vaidya [109] compared numerical approximations for mechanical proper­
ties of the Boron/Aluminium composite with experimental [53] and analytical [42] 
results, as well as other workers. In the following, we use hexagonal and square 
packed RVEs of Figure 7.3, and derive predictions using the method outlined ear­
lier.
Comparison of our results with Sun and Vaidya [109], Kenaga et al. [53] and Hashin- 
Rosen-Christensen [42, 18] are depicted in Table 7.1. In all but one property sought, 
our numerical analysis recovers the experiment and analytical calculation, as well as 
the reference computational work. Based on computational and analytical values, 
we believe that v was reported in [53] instead of i/a .
We remark the use of interface nodes for imposing periodic boundary conditions on 
non-periodic meshes. Note that structured periodic discretization of complex micro 
geometries is not always practical, since structured meshing is only limited to simple 
geometries.
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Elastic
Constant
Hex.
Pack
Squ.
Pack
Hex. 
in [109]
Squ. 
in [109]
[53] [42]+ [18]
E a 215.3 215.3 215 215 216 214.9
Ga 54.2 54.4 54 57.2 52 54.0
v a 0.195 0.195 0.19 0.19 0.29 0.204
E 133.4 144.0 136.5 144 140 128.8
G 51.0 45.8 57.9 45.9 - 51.5
V 0.309 0.255 0.34 0.29 - 0.25
Table 7.1: Variation of Material Properties with Packing Order. Comparison of 
results with Sun and Vaidya [109], Kenaga et al. [53] and Hashin-Rosen-Christensen 
[42, 18].
7.3 V ariation of M aterial P rop erties w ith  Fibre 
V olum e R atio
We consider a glass/epoxy composite, characterized by elastic matrix and fibre with 
perfect bonding, and following constituent material properties:
Ef = 110 MPa ; Em = 3.4 MPa 
uj = 0.22 ; iym — 0.35
and study variation of mechanical properties of the composite with fibre volume 
ratios by comparing predictions obtained from 2D and 3D RVEs using the method 
outlined earlier to mechanics of materials and analytical approaches.
7.3 .1  L on gitu d in a l Y ou n g’s M od u lus
The mechanics of materials approach assumes that both the matrix and fibre are 
subjected to an equal strain in the longitudinal (fibre) direction, so that:
@ A m ® A f  0 \£A — &Am — — &Af —
&Am &Af
The overall longitudinal stress is given by:
(JA = ( 1 -  f ) a Am + fcrAf  (7.13)
which leads to the rule of mixtures approximation of the longitudinal modulus as:
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Figure 7.4: Longitudinal Modulus, Ea : Predictions with respect to fibre volume 
ratio: (a) 2D , (b) 3D Tetragonal Packing, (c) 3D Hexagonal Packing.
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Figure 7.5: Longitudinal Shear Modulus, Ga ■ Predictions with respect to fibre 
volume ratio: (a) 2D , (b) 3D Tetragonal Packing, (c) 3D Hexagonal Packing.
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Hashin-Rosen calculation differs from (7.14) by an additional term, which is 
negligible when the fibres are considerably stiffer than the matrix:
Ea = { 1  -  f ) E m +  f E ,  + (7'15)
K m  +  K f  +  G m
Predictions extracted from various RVE homogenizations for the longitudinal 
Young’s modulus are compared to mechanics of materials predictions in Figure 7.4. 
Only minor deviations from (7.14) would have been expected, arising from the dif­
ference in Poisson’s ratios of the fibre and matrix, as long as there is no inter phase 
sliding. Linear and periodic boundary conditions agree with the equal strain assump­
tion for both 2D and 3D simulations, whereas uniform traction boundary condition 
yields a softer modulus.
7 .3 .2  L on g itu d in a l Shear M od u lu s
Prediction of the longitudinal shear modulus (Ga = Gu = G\s) using the slab model 
is problematic as the directions 2 and 3 are not identical (with respect to a shear 
loading). Prediction of shear moduli G12 and G 1 3 follows from equal stress/strain 
assumptions, and gives:
1  _  /  +  a  -  / )  (716)
G 12 Gf Gm
G\3 =  ( 1  — f ) G m + JGf .  (7-17)
In reality none of the above provides a reliable prediction of the shear modulus, 
especially (7.17). Halpin and Tsai [39] propose a modified modulus for the shear 
modulus:
_  Gm(l +  £77/ )  _ _  ( o t  ~ 1) (7 18n
1 - i f  (&  + 0 '  ( }
where £ is taken as 1. Hashin-Rosen calculation for the longitudinal shear modulus
is given as:
Ga = Gm H-----  — - — YZJ- (7-19)
G f - G m  +  2 G m
Predictions extracted from various RVE homogenizations for longitudinal shear 
modulus are compared to those by mechanics of materials, Halpin-Tsai and Hashin 
Rosen approaches in Figure 7.5. In 2D, uniform traction and periodic boundary 
conditions agree closely with the equal stress assumption, whereas linear boundary 
condition predicts a stiffer modulus.
In 3D, Halpin-Tsai and Hashin-Rosen predictions almost overlap, which are also
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very well predicted by periodic boundary condition plots of hexagonal and square 
packing up to higher fibre volume ratios. For both packing arrangements uniform 
traction boundary condition plots provide close estimates to analytical models. The 
lower bound, which is formed by the equal stress/slab assumption, clearly underesti­
mates the shear modulus, whereas both square/hexagonal packed RVEs with linear 
boundary condition predict stiffer modulus.
7.3 .3  L on gitud in a l P o isso n ’s R atio
The longitudinal Poisson’s Ratio (va =  Vu — ^1 3 ) is obtained within the mechanics 
of materials approach by assuming uniform longitudinal strain:
ei =  eim = =  £1 / = (7.20)
n\m &lf
while the fibre and matrix are subject to equal transverse stress resulting from 
contraction:
£2 = (1 — f)^2m +  f £2f
= - ( 1  -  ~ f v f j r -
~  ( 1
(7.21)
so that the rule of mixtures applies to as:
^  =  (1 - / K  +  M -  (7.22)
£ 1
Hashin and Rosen [42] calculation, based on composite cylinders assumption, 
differs from (7.22) by an additional term:
(yj -  ~ lh)VmVf
^  =  ( 1  -  / K  + f v f  +  z e - Q l  X  • (7-23)
Km +  Kf  +  Cm
Equal strain and Hashin-Rosen predictions for longitudinal Poisson’s ratio is 
compared to predictions extracted from 2D and 3D RVE homogenizations in Figure 
7.6. In both 2D and 3D, the periodic boundary condition very closely agrees with the 
equal strain assumption, as well as the Hashin-Rosen prediction. For both packing 
arrangements, uniform traction and linear boundary displacements imposed on the 
RVE form the upper and lower bounds respectively..
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Figure 7.6: Longitudinal Poisson’s Ratio, va '- Predictions with respect to fibre vol­
ume ratio: (a) 2D , (b) 3D Tetragonal Packing, (c) 3D Hexagonal Packing.
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Figure 7.7: Transverse modulus, E : Predictions with respect to fibre volume ratio 
(a) 2D , (b) 3D Tetragonal Packing, (c) 3D Hexagonal Packing.
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7 .3 .4  T ransverse Y o u n g ’s M od u lu s
The mechanics of materials treatment for the prediction of the transverse modulus 
follows the equal stress assumption, where the fibre and matrix are assumed to be 
under uniform stress:
& — &m ~  £mEm &f  (7.24)
Note the obvious problem: directions 2 and 3 are not identical (with respect to a
transverse load) in the slab model, in fact 3 is identical to the fibre direction. Equal
stress assumption is known to underestimate the transverse modulus, however it 
provides a lower bound for the material behaviour. The overall transverse strain is 
given by:
£ =  (1 -  f ) e m +  /£ / ,  (7.25)
which leads to the Reuss assumption for the transverse modulus:
1  e 
E
In reality, it is known that portions of the matrix material in between fibres in the 
longitudinal direction are subject to a high stress, comparable to the fibre stress, 
whereas portions of the matrix material laid between fibres in the transverse direc­
tion strain equally with the fibres, bearing a lower stress. (7.26), which is the lower 
bound, will underestimate the transverse Young’s modulus.
Hashin and Rosen [42] only provide an expression for the bulk modulus:
K  = K m + — ----- /  (7.27)
K f - K m  +  K m +  Gm
and suggest bounds for the shear modulus. Christensen and Lo [18] calculated the 
effective transverse modulus from:
A a 2 +  B a  + D = 0, (7.28)
where,
D = 3 /(1  — f ) 2(P — 1)(P  +  rff)
+  [PVrn +  (P — 1)/ +  I]\P +  Vf  +  {PVm — V f ) / 3] (7.29)
B = - 6 / ( l - / ) 2 ( /3 -  m  + Vf)
+  \Pr i m +  ( P ~  1) /  +  1 \ [ (Vm -  !)(/? +  V f )  -  2(/3r]m -  r ) f ) f 3}
+ (rjm +  1 ) f (P -  l)[p +  Vf  +  { P V m  -  V f ) ! 3} (7.30)
A  = 3/(1  — f ) 2{P — 1)(P +  rjf )
+  [Pr]m + r)f r)m -  (/3r)m -  ^ / ) / 3] [r)mf (P  ~  1) -  (PVm +  1)] (7.31)
a
L  . a - / ) (7.26)
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and
« =  § ~  , P = ^  (7-32)Lj'm rri
Vm = ( 3 - 4 Um) , T)f = (3 -  4vf ). (7.33)
Once G is determined from the solution of (7.28), the transverse Young’s modulus
can be obtained from the complementary relation given by Hashin [43]:
I  = cY F  + 4( t 9  ’ {7M)
where K , 1 / 4  and E a follow from (7.27), (7.23) and (7.15) respectively.
For the Halpin-Tsai approach, first the transverse bulk and shear moduli are calcu­
lated:
E m{\ + ^KVkI)  y / 7
K  = --------------   ; VK =  7 T , --------  (7-35)
Kr,
and
where
n  E m{\ + £GrjGf )  fy oa\
= G J K m ; fc  =  (7 .3 7 )
Km/Gm +  2
The transverse Young’s modulus can be obtained from (7.34), where E a and va are 
taken from the mechanics of materials approach.
Predictions for the transverse Young’s modulus extracted from homogenization of 2D 
plane stress and 3D RVEs for varying fibre volume ratios are compared to predictions 
using mechanics of materials (slab), Halpin-Tsai and Hashin-Rosen-Christensen ap­
proaches in Figure 7.7.
In 2D, uniform traction and periodic boundary conditions agree closely with the 
equal stress assumption, whereas linear boundary condition predicts stiffer modu­
lus.
In 3D, Halpin-Tsai and Hashin-Rosen-Christensen approaches give very close pre­
dictions, within the tight envelope defined by the periodic and uniform traction 
boundary condition plots of the RVE with hexagonal packing. The periodic and 
uniform traction boundary condition plots of the RVE with square packing also 
form an envelope where the Halpin-Tsai and Hashin-Rosen-Christensen plots fit in,
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but is not as tight. Both envelopes tend to open up with increasing fibre volume ra­
tios. The lower bound is formed by the equal stress/slab assumption, which clearly 
underestimates the transverse modulus. Both square/hexagonal packed RVEs with 
linear boundary condition predict stiffer modulus.
7.3 .5  T ransverse P o isso n ’s R a tio
Mechanics of materials prediction of v(= 1/23) is obtained by considering the volume 
change under an applied stress, where an expression of the transverse Poisson’s ra­
tion is derived in terms of F1, K , i/a and Ea,  see eg. Daniel et al. [2 2 ]. As noted 
before, the transverse modulus E  is underestimated, thus mechanics of materials 
approach will not give a good estimate for v.
For the Hashin-Rosen-Christensen prediction, an interdependency relation of the 
transverse isotropy is used:
G - 5 f r b ) ’ <7J8)
where G and E  are obtained from (7.28) and (7.34) respectively.
For the Halpin-Tsai approach, the transverse shear (7.36) and Young’s (from (7.34)) 
moduli are inserted into (7.38) to obtain the transverse Poisson’s ratio.
Predictions for the transverse Poisson’s ratio extracted from homogenization of 3D 
RVEs for varying fibre volume ratios are compared to predictions using Halpin-Tsai 
and Hashin-Rosen-Christensen approaches in Figure 7.8. This is the only property 
where a considerable variation is observed, though Halpin-Tsai and Hashin-Rosen- 
Christensen predictions are close to hexagonal RVE homogenization with periodic 
boundary condition.
7.3 .6  V erification  o f th e  T ransverse Iso trop y  A ssu m p tio n
For an ideally transversely isotropic material, C 5 5  is not independent, and is related 
to C22 and C23:
C5 5  =  ° 22 ~  ^  (7.39)
which is equivalent to the statement (7.38). Since all the properties assessed so 
far were extracted from the upper left quarter of the tangent stiffness matrix (7.7), 
and the independent modulus Ga from C 4 4  or C6 6 ,  an assessment of how trans­
versely isotropic the chosen packing/boundary condition combination can be made
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Figure 7.9: Error in transverse isotropy: Predictions with respect to fibre volume 
ratio , (a) Tetragonal Packing, (b) Hexagonal Packing.
by comparing both sides of (7.39). A percent error is defined as:
(7.40)
and is plotted on Figure 7.9. As expected, the hexagonal packing arrangement 
with periodic boundary condition produces transverse isotropy. The square packed 
RVE with uniform traction boundary condition produces excellent results as well. 
It can be concluded while these two combinations can be used to represent trans­
verse isotropy, the square packed RVE with periodic boundary condition represents 
tetragonal isotropy.
r* C22—C23 
£(%) =  -  5 5  “  2a 55
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7.4 F ib re  O r ie n ta t io n  effects on S h o r t  B eam
In this exam ple, we perform  a fully coupled two-scale small s tra in  analysis of a long 
fibre com posite beam , and com pare the results obtained for a num ber of fibre volume 
ratios over varying fibre orientation angles. This is an extension of P artovi's  work 
[89] in 2D and 3D.
t=i
(a) (b)
(c) (d) (e) (f)
Figure 7.10: 2D Beam : (a) Gcomety and boundary  conditions (b) In itial mesh. 
RVE initial meshes w ith fibre volume ratios (c) 15%, (d) 30%, (e) 45%, (f) 60%
In the 2D case, a 80 x 40 m m  rectangular cantilever beam , shown in Figure 7.10, 
is loaded by a 1 kN transverse force d istributed  along its free edge. For the fully 
coupled analysis under plane stress assum ption, RVEs with fibre volume ratios 15%, 
30%, 45% and 60%, shown in Figure 7.10 (c) to (f) are employed. Eight noded 
quadratic  quadrila teral elements were used.
In the 3D case, a 10 x 80 x 120 mm rectangular cantilever beam , shown in Figure 
7.11, is loaded by a 22.4 kN transverse force d istribu ted  along its free edge. RVEs 
w ith fibre volume ratios 15%, 30%, 45% and 60%, shown in Figure 7.11 (c) to (f) 
are employed. Tw enty noded quadratic bricks w ith 8 in tegration points were used.
In bo th  cases, the fibre orientation is controlled by simply ro ta ting  the RVE, 
which could have linear, periodic or uniform trac tion  boundary  conditions, so th a t 
0° refers to  the orientation where fibres are aligned with the longitudinal axis, and 
90° refers to the orientation where fibres are aligned w ith the transverse axis .
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22.4 kN
120
(a) (b)
(c) (d) (e) (f)
Figure 7.11: 3D Beam : (a) Geomety and boundary conditions (b) Initial mesh. 
RVE initial meshes with fibre volume ratios (c) 15%, (d) 30%, (e) 45%, (f) 60%
Material properties of matrix and fibre are given as:
Ef = 110 MPa ; Em = 3.4 MPa
vf  = 0.22 ; vm =  0.35 (7.41)
We compare vertical displacements of the free end obtained by homogeneous material 
models with the Halpin-Tsai and Slab models against those obtained from a fully 
coupled analysis, and the results are shown in Figure 7.12 for 2D and 7.13 for 3D.
For the 2D case, orientations for which the fibres are aligned with the beam axis
return the smallest deformation, as expected. Also, the bending strength is governed 
by the longitudinal modulus of the fibre, for which, as Figure 7.4 suggests, there 
is good agreement between linear and periodic boundary conditions and the equal 
strain assumption, whereas uniform traction boundary condition yields a softer re­
sponse. However, as the fibre orientation turns towards the transverse direction,
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the fibre transverse modulus becomes dominant, and parallel with Figure 7.7, uni­
form traction and periodic boundary conditions agree closely with each other while 
slightly offset from the equal stress assumption, whereas Linear boundary condition 
produces stiffer response.
For the 3D case, Periodic boundary condition is in good agreement with the 
Continuum Model using Halpin -Tsai prediction for all orientations of the fibres, 
more so for lower fibre volume ratios considered. Equal stress/slab assumption 
underestimates the transverse modulus, as was pointed out earlier for the single 
RVE homogenization and Linear boundary condition produces stiffer response.
It could be argued that material properties obtained from homogenization of a 
single RVE could have been employed to get the same results. While exceptionally 
true for small strain elasticity, this idea would not work for the next example, where 
finite strains and rotations exist.
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120. 41=100
(a)
F igure 7.14: Two ply lam inate : (a) G eom ety and  boundary  conditions. Initial mesh 
as shown in F igure 7.11 (b), (b) RVE mesh
7.5 L a rg e  S t ra in  S t re tc h in g  of  a T w o  P ly  L am i­
n a te
This exam ple dem onstrates the  transverse effects of aligned fibres, and is borrowed 
from A pcl's PhD  thesis [2]. Guedes and Kikuchi [37] solved a sm all s tra in  version, 
where they  used homogenized RVE’s to  ob ta in  effective m echanical properties of 
the  lam inate, w ith  which they solved the  single-scale m acroscopical problem . T hen 
they  used th e  m acroscopic stress to  investigate the  microscopic stress held. We will 
com pare the  m ulti-scale models w ith the large s tra in  transversely isotropic model 
described in C hap ter 3, the param eters of which are obtained  by hom ogenization 
of a single RVE, an extension of the properties estim ation  procedure discussed in 
Section 7.1 to  the  range of m oderately large strains.
A 10 x 80 x 120 m m  rectangular lam inate, shown in Figure 7.14, consists of two 
layers of fibre reinforced m aterial. F ibre orien tations for the  front and rear layers 
arc defined by direction vectors A j  and A r th a t are ro ta ted  w ith respect to the 
longitudinal axis by Of and 6r respectively.
T he right face of the  bar is stretched  by 100 mm, while the  left face of the  bar is fixed 
in the  longitudinal direction. T hree additional degrees of freedom in transverse and 
thickness d irections a t two corners are also constrained in order to prevent ro tations 
around the  longitudinal axis. T hree m aterial models are com pared:
1. T he s tra in  energy for the large stra in  transversely  isotropic model is expressed
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Figure 7.15: Two ply laminate, Of = 0, 0r = 90 : Deformed mesh for (a) Single-Scale 
model, (b) Multi-Scale model with Neo-Hookean Fibre, (c) Multi-Scale model with 
Ogden Fibre
as the sum of transverse and isotropic components:
=  ^ ( h - Z ) - li \ n J  + ^ { J - l ) \  (7.42)
^trn ~  [ f t  + / ^ h l  </ + 7 ( / , 4  —  l ) ] ( / 4  —  1) — —  ( / s  — 1). (7.43)
For this model, we start with the material properties of matrix and fibre of 
the previous example,
Ef  = 110 MPa ; Em = 3.4 MPa;
vf  = 0.22 ; um =  0.35. (7.44)
and use the properties estimation procedure discussed in the preceeding sec­
tions to extract the set of small strain composite properties {E a , F?, i/, i/a , Ga }
CHAPTER 7. APPLICATIONS I: FIBRE REINFORCED COMPOSITES  144
for a fibre volume ratio of 15%. Then, we insert these properties into the re­
lationships developed in Chapter 3 for parameter identification, repeated here 
for convenience:
E
2(1 +  v)
E { E v \  +  EAv) 
k( 1 +  v)
E ( E v 2A -  E A{ya - v  + v a v ) )  
4k(l  +  v)
E  r
“  -  W T 7 ) ~ g *
7  =  § ( ^ (-fc7 '1 ) ~ [A +  2M +  8'9 ~ 4Ql)  (7 '45)
where k = E a {v — 1) +  2E v \ .  Finally, we perform a single scale FE analysis 
with the large strain transversely isotropic model using these parameters.
2. For large strain multi-scale simulations, we employ a Neo-Hookean type ma­
terial, strain energy function of which is given by (7.42) for both fibres and
matrix, with properties, equivalent to (7.44), given respectively as
Af  = 35.421 MPa , /// =  45.082 MPa; (7.46)
Am =  2.938 MPa , //m =  1.26 MPa. (7.47)
The fibre orientation is controlled by simply rotating the RVE shown in Figure 
7.11 (c), which has a fibre volume ratio of 15%. Only periodic be is considered.
3. In order to match the stiffening effect caused by the transverse part of the 
strain energy function (7.43), an Ogden type material is also considered as the 
fibre material. The strain energy function for this material is given as
N
^ogd — £  — (A“n +  AJn +  Agn — 3), AiA2A3 =  1, (7.48)
n=l
where N  is a positive integer, are the principal stretches and fin and
a n are material constants such that,
N
l^n^n > 0 , Tl — 1, 2, ..., V, ^   ^(J,nQLn “2/1 (7.49)
n=l
A single pair is used, given as:
Hi = 6.714311 ; ctx = 13.42862
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Figure 7.16: Two ply laminate, Of =  0, 0r =  90 : (a) Curvature, (b) Reaction in the 
longitudinal direction
The matrix material is the same with the previous model, with parameters 
given in (7.47).
Two layers are assigned 2 sets of fibre orientations. The first case is characterized 
by Of =  0°, 6r — 90°. As the deformed meshes of Figure 7.15 reveal, fibres of the 
rear layer do not permit contraction, which causes the bar to deform into a groove. 
Curvature radius is plotted in Figure 7.16 (a), where the multi-scale model with 
Neo-Hookean fibre is shown to agree with the continuum model, while multi-scale 
model with Ogden fibre is quite close. This is an extension of the outcome of 
previous examples into the large strain regime. Reactions at the left face, plotted 
in Figure 7.16 (b) reflect the effect of fibre stiffening, where multi-scale models with 
Neo-Hookean/Ogden fibre are shown to substantially differ, while the latter gives
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(b)(a) (c)
Figure 7.17: Two ply laminate, Of — 45, 0r — —45 : Deformed mesh for (a) Single- 
Scale model, (b) Multi-Scale model with Neo-Hookean Fibre, (c) Multi-Scale model 
with Ogden Fibre
results close to the continuum model.
The next case is characterized by Of =  45°, 0r =  —45°. As the stiffness is 
maximized in the direction of fibres, the bar is subjected to torsion to accommodate 
for alignment of the fibres, as shown in the deformed meshes of Figure 7.17. To 
quantify the rotation around the longitudinal axis, orientations of upper/lower and 
front/rear edges of the right face are interpolated to obtain rotations of short and 
long edges, which are plotted in Figure 7.18 (a) and (b) respectively, where the multi­
scale model with Ogden fibre is seen to clearly agree with the continuum model. 
Reactions at the left face are plotted in Figure 7.18 (c), where the multi-scale model 
with Ogden fibre also matches with the continuum model. For this configuration 
the multi-scale model with Neo-Hookean fibre departs from other models visibly, for 
both end twist and base reactions.
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Figure 7.18: Two ply laminate, Of = 45, 9r = —45 : Rotation of (a) short and (b) 
long edges, (c) Reaction in the longitudinal direction

C h a p te r  8 
A pplications II: In terface Region
The previous chapter has dealt w ith the application of com putational homogeniza­
tion into m odelling of long fibre composites. One m ajor assum ption was perfect 
bonding between the  m atrix  and reinforcement phases, which is referred to as a 
strong interface, where the bond is assumed to be a t least as strong as the m atrix  
phase.
Figure 8.1: F ib re-m atrix  debonding in a N i - A l 20 3 com posite under transverse load­
ing, from M elian and  Harris [73].
Com posites w ith a weak interface will fail a t the  interface as the bond is the 
weakest link in the  system  [74]. The fabrication process determ ines the nature of 
the bond, a com posite could have been m anufactured mechanically, by wetting, as a 
result of a chemical reaction, or a mix of those. As a consequence of the fabrication 
process, oxide films, trapped  gases, high concentrations of vacancies and dislocations 
will be present in th e  interface, similar to im perfections present a t grain boundaries
149
CHAPTER 8. APPLICATIONS II: INTERFACE REGION 150
of metals, but to a greater extent [74].
Inter-phase cracking, debonding and sliding can cause local degradation which con­
tinuum models would fail to capture, and computational homogenization has a sub­
stantial potential for modelling in this field. This chapter deals with numerical treat­
ment of composites with debonded inclusions, as well as the process of debonding. 
To this aim, first we present a geometrically non-linear frictional contact procedure, 
see, for instance, Wriggers [128] or Peric et al. [94], and demonstrate the use of this 
procedure for modelling interactions between debonded phases within the compu­
tational homogenization environment.
The cohesive zone model introduced by Needleman [84], and developed by e.g. Tver- 
gaard [121, 122], or Ortiz et al. [85], is used to model the growth of a crack (or a 
debonding zone) at the interface between different constituents of the material. We 
implement the cohesive model into the discrete framework developed for contact, in 
order to study the debonding process from a damage-free configuration with open­
ing and closing effects, as well as Coulomb frictional sliding between phases, again 
within the computational homogenization framework.
8.1 Frictional C ontact
Assume that bodies fl1 and Q2 come into contact during their deformation histories 
corresponding to the deformation mappings (p1 and cp2 as shown in Figure 8.2. The 
constraint of impermeability is expressed as:
( x2 — x 1) ■ n  > 0 (8.1)
By assuming a uniform contact boundary that permits existence of a point x 1 
on body O1 for every point x 2 on fi2, where the distance between x 1 and x 2 is 
minimized, a penetration function can be defined as:
gu =  (x2 — x 1) • fi > 0 (8.2)
where fi is evaluated at the minimum distance point.
Tangential contact is concerned with the relative movement betweeen two bodies 
has two aspects. If the point of contact does not change, the Stick condition sets a 
constraint on the tangential velocity/displacement as:
gT =  0 4) gT —■ 0 (8-3)
Tangential slip is characterized by a change of the point x 2 with respect to X\. 
The path of sliding is calculated by integrating relative velocities.
CHAPTER 8. APPLICATIONS II: INTERFACE REGION 151
Figure 8.2: Contact between two bodies
8.1 .1  In crem en ta l B oundary V alue P rob lem
The boundary value problem defined in Chapter 2  for a single body is now extended 
to involve two bodies, as well as the contact contributions Ccon:
[  a 1 : Vrj1 dv — f  f l -ril d v — f  t 1 • rj1 da
in 1 Jn' Jan.]
+  f  cr2 \TJrfdv — f  f 2 -rj2dv — f  t 2 -r fda
Jn2 Jn2 JdW2
+  Ccon =  0 , V77 1 ,rj2 E y  (8.4)
subject to kinematical constraint set by (8 .1 ). dflt refer to parts of boundary where 
tractions are prescribed. Note that, as friction behaviour is path-dependent, the 
boundary value problem is incremental, and is stated at time station tn+1.
8.1 .2  C o n stitu tiv e  R elation s
There are a number of approaches to the contact contributions Ccon into the bound­
ary value problem, Lagrange multipliers, penalty approach and direct elimination to 
name a few. In this work we adopt a constitutive equation at the interface, defined
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by:
C con =  / t -S g d a
'dQcon
/  (tNSgN +  t T • SgT)da. (8.5)
J dQ,con
Norm al C ontact
The constraint of impenetrability given by (8.2) is relaxed to postulate an elastic 
constitutive relationship for normal contact pressure as:
tN = cn9n , (8-6)
where cn is the penalty parameter.
E lastoplastic M odel for Tangential C ontact
The tangential velocity could be assumed to be decomposed into a stick and a slip 
component as:
9 t  9 T s t i c k  "h 9 T s l i p ’ (^ •^ )
By relaxing the constraint given by (8.3), we establish an elastic constitutive rela­
tionship for stick as:
t T  9  T  stick
=  cT (gT — g Tslip), (8.8)
where c t  is a constant. The constitutive model for frictional tangential slip is anal­
ogous to elastoplasticity. The flow rule is given as:
■ d $
9  T  slip  =
where, <f> is the bounding (yield) function used as a flow potential and A is the plastic
parameter. A convenient choice for the bounding (yield) function is based on the
Coulomb’s law:
$  — ll^rll — m tN- (8.io)
The flow rule is complete with the loading/unloading conditions given by:
$  < 0, (8.11)
A > 0, (8.12)
A<f> =  0. (8.13)
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Tim e Integration Backward Euler scheme is used to numerically integrate the 
flow equation. Time discrete version of the flow equation reads:
9tslip =  9Tsiip +  AA||*T| | ' (8-14)
To keep the notation simple, all quantities without time superscript refer to t n+1.
8.1 .3  R etu rn  M apping
Normal constitutive relation established by (8.6) is not path or history dependent, 
and is used to evaluate the normal force at each time step. For tangential contact, 
the elastic predictor/plastic corrector method of elastoplasticity (see Chapter 3) 
provides a good analogy:
Stick Predictor A trial traction is calculated assuming a purely elastic (stick) 
step by freezing the tangential slip at time tn.
= cr(gT - g f )
— ct  [r t  ~  ( 9 t  ~  9 t  ) )
-  t£ +  cT A0T. (8.15) 
Check for Slip Next, the trial traction is subjected to the bound test:
$ t r i a l  =  jL t N ' ( g ^
If tptnai < th en the elastic assumption is valid:
t T = t%ial (8.17)
Slip Corrector If 4>tnal > 0, then t r  should be modified to account for slip. The
flow rule (8.14) is inserted into the elastic constitutive relation (8.8), and by use of
(8.15),
t T = t lrpal — AA CTstick (8.18)
where,
j.trial ( f ttr ia l
< ia‘ =  i | =  i ^  =   -------- . (8 .19)
| |  L’T II T stick
The numerical model for contact with friction is summarized in Box 8.1 for the 2D 
case, which is exclusively used later in this thesis. Note that, some vector quantities 
become scalars and unit normals become sign functions.
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At tn+1} given fi cN, cT, gN , AgT ,
1. Calculate Normal Force:
In  — cn gN 
dtN
dgN
2. Assume Elastic (Stick) State:
cN
= t$ + cT AgT
3. Check Slip Condition
$ trial =  iT
(a) If <3>trlal <  0 Stick:
t p al -  fj,tN
-l   atrialIT  --  Zrp
dtT _  d tr  _
dgr ' T ’ dgN
(b) If <3>trial > 0 Slip:
ftrial (j jtria l
= i j j f a i i  ; aa  := —
tT = t%ial -  AA cT s ign ( tpal)
^  =  0 , =  // cN sign(tlT al)dgT ogN
B ox 8.1: Numerical Model for Contact with Friction.
8 .1 .4  2-D  D iscre tiza tio n
In Figure 8.3, node SI with nodal coordinates x sl comes into contact with the 
segment defined by the line joining nodes M l and M2 with nodal coordinates x M1 
and x M2 respectively. We define the unit normal and tangent vectors to the master 
segment as n  and a:
X M 2 _  M l
a = -------   ; n  =  e3 x a  (8.20)
where I is the length of the master segment given as I = \xM2 — x M1\.
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M2
9 ATA/1
Figure 8.3: 2-D node-to-segm ent con tact elem ent
The relative coordinate system  along the m aster segm ent is defined by £, so tha t:
x(£) =  x Ml + { x M1 -  x M1)£ (8 .2 1 )
£ and  (/)’/ define the projection of the slave node on th e  m aster segment, in tangential 
and norm al directions respectively:
Ysi _  Ml
Zsl =     a ; gff = [x51 -  ( 1  -  f s ,)x M1 -  £5 (x M2] • (8 .2 2 )
The variation of the norm al gap takes the form:
Sgfl =  [r f l -(1 -  £4' V ' 2] ■ (8.23) 
The relative tangen tia l movement for stick is given as:
(<sl
& c k =  Id i  =  (Zsl -  t f ) l  (8.24)
JfSl
where, £0S/ is the  stick point 011 the m aster segm ent. We refer to  [128] for the 
developm ent of variational forms for tangential stick and slip as follows:
s & ip = {V*  -  -  SS‘)VM' -  Ss ‘riM2} ■ a + ? f [ VM (8.25)
+  -  n m ] ■ a  (8.26)
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By substituting for g^uck ushig (8-24), (8.26) could alternatively be written as:
5 9 T lstick  =  [»JSi -  ( !  -  So)riM1 ~  ?o»7M2] ■ a  +  -  r j m ] ■ n  (8.27)
8 .1 .5  C o n ta c t R esid u a l
The discrete expression of the contact contribution (8.5) for one node-to-segment 
pair takes the form :
hCccm = TNggSl + TrSgSl (g 2gj
where = t ^ A  and TV = trA  are extracted from the constitutive relation sum­
marized in Box 8.1. The contact residual r]TG  is expressed in matrix formulation 
as:
rj1 G  =  Tn N si +  Tt T s\  (8.29)
where 77 =  (rjM1 ,rjM2,rjsl)T and
N sl = r^ n  (8.30)
T st = h a + f w  f o - u p  (8 3 1 )
[rj^a  +  ~f~rion  +  i rioa  f°r stick.
In the above,
f - ( i - o )
, 77o =  T7T  . ( 8 . 3 2 )m  = V <
8 .1 .6  C o n ta ct S tiffness
The contact formulation is incorporated into an implicit finite element algorithm 
that uses the Newton-Raphson method for solving non-linear equations, which re­
quires tha t the residual be linearized, so that quadratic convergence is achieved. 
The linearized contact residual is given as
A ( r f G )  = N sl ® A Tn + T sl ® A Tt  +  Tn A N s ‘ + Tt A T si. (8.33)
See Appendix A.4 for derivation of the contact stiffness.
8 .1 .7  N u m er ica l E xam p les
A number of advanced contact benchmarks were produced by A.W.A. Konter within 
the FENET report FENET-UNOTT-DLE-09 [56]. Following two examples seek to 
verify the developed contact framework against the reference report.
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Figure 8.4: M etal forming: unconstrained cylindrical bending test. Source: Sousaa 
et a/. [105]
M eta l Form ing
The first, exam ple is an approxim ation to the unconstrained  cylindrical bending test, 
which was proposed in Num isheet 2 0 0 2  [8 6 ] as spring back benchm ark, where nu­
merical sim ulations of the test shown in Figure 8.4 are perform ed to determ ine the 
forming angle, as well as the angle after release of the tool.
Figure 8.5: M etal forming: initial geom etry
A 1 mm thick 120 x 30 sheet is formed by a 28.5 m m  downward stroke of a 
punch of rad ius Rv = 23.5 mm into a die of radius Rd= 25 m m , w ith shoulder radius 
/hi.s= 4  mm , as shown in Figure 8.5.
The sheet is assum ed to  be elastoplastic w ith Young’s m odulus E  =  70.5 G Pa, 
Poisson’s ratio  v  =  0.342. Plasticity  is driven by Hollomon hardening [50] w ith 
g =  cr0 +  K s n, which is modelled by piecewise linear hardening. The param eters are
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Friction Coefficient Forming Angle 
numerical experiment
Angle after release 
numerical experiment
0.
0.1348
20-^1 g_2i Q
20.45 53.4-55.856.35
Table 8.1: Metal Forming: Forming angle and angle after release for variations of 
friction coefficient.
300
250
200<DOt-i
150odda, 100
0 -20 -25 -305 -10 -15
punch displacement
Figure 8.6: Metal forming: load displacement diagrams for n= 0. and fi=0.1348, for 
punch and die 50 mm wide.
given as K  = 550.4 MPa, initial yield stress a0 = 194 MPa, n — 0.223. Because of 
symmetry, only half of the sheet is modelled by 800 quadrilateral F-Bar elements, 5 
in thickness direction and 50 between 0 and 27 mm, 100 between 27 and 40.2 mm 
and 20 between 40.2 and 60 mm.
The nearly rigid punch is defined as an elastic body with Young’s modulus 
E  = 1000 GPa, Poisson’s ratio v =  0.3, and is modelled by 39 quadrilaterals, 
with a contact interface on the outside surface. The die is modelled exclusively as a 
contact interface whose master surface is not allowed to move.
Loading and unloading consists of a 28.5 mm punch stroke down and back gradu­
ally. A 2D plane finite strain quasi static analysis is performed for friction coefficient 
values of 0 and 0.1348. The forming angle at the end of the stroke, as well as the 
angle after release of punch is shown for for variations of friction coefficient in Table 
8.1, where a very good agreement with the experimental data can be observed. This
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(a) (b) (c)
(d) (e) (f)
Figure 8.7: Metal forming: deformed mesh and development of plastic strains (a)- 
(d) loading, punch displacement:^, -11, -27, -28.5 mm, (e)-(f) unloading, punch 
displacement:-19, -7 mm
is also true for the load displacement diagrams shown in Figure 8.6, where the trends 
obtained by commercial finite element codes in the reference paper are recovered .
Figure 8.7 shows the deformed mesh and development of plastic strains during 
the loading history for no friction. Towards the end of the stroke, the sheet separates 
from the punch, which corresponds to the softening response observed in Figure 8.6. 
When the sheet contacts the die surface forming continues, and the force increases 
to its maximum.
Steel Roller on Rubber
This benchmark refers to the observation that, when a cylindrical steel roller ro­
tates on a rubber base, for a complete revolution of the cylinder, it will have moved 
a horizontal distance less than the circumference of the cylinder. The goal of the 
simulation is to test the ability to model two surfaces in contact whilst moving.
A steel roller with radius 30 mm is resting on a 20 mm thick 300 mm long rub­
ber mat, as shown in Figure 8.8 (left). The necessary compression for friction is
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6 .
t= 0-1
t= 1-2
18.85
7777 0.3
Figure 8.8: Still roller on rubber mat: (left) geometry (right) loading and boundary 
conditions, units in cm.
maintained by 3 mm vertical displacement of the rubber m at base. Then, a single 
rotation of the roller is prescribed by pulling the rubber laterally by 188.5 mm, while 
fixing the vertical displacement at 3 mm, as shown in Figure 8.8 (right).
Both steel roller and the rubber mat are assumed to be Neo-Hookean hyperelastic 
materials with material parameters given as:
• Steel Roller: ^=80, K =  175
• Rubber Mat: //=0.015, i f =0.15
Contact between the roller and the mat is characterized by a coefficient of fric­
tion f i f=0.3. A 2D plane finite strain quasi static analysis is performed where the 
roller/mat are modelled using 236/600 F-Bar elements respectively.
Deformed meshes over the loading history are given in Figure 8.9 for times 0, 
1, 1.25, 1.5, 1.75 and 2 respectively. The roller has moved 180.9 mm, less than the 
circumference 188.5 as predicted, and in agreement with the FENET report [56]. 
Figure 8.10 shows the vertical reaction force on the roller, which is also in good 
agreement with the report.
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(d) (e) (f)
Figure 8.9: Steel roller on rubber mat: (a) initial mesh, (a)-(b) t=  0-1 : compression 
(c)-(f) t =  1.25, 1.5, 1.75, 2 : 360° roll
350
300
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100
50
0
0 0.5 21 1.5
time
Figure 8.10: Steel roller on rubber m at: Force/D isplacem ent diagram
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8.2 Interface C ontact w ith in  RVE
The goal of this example is to investigate the plastic collapse of an RVE containing 
a debonded nearly rigid elastic inclusion, motivated by Giusti et al. [34], who used 
RVEs to predict macroscopic yield surfaces as functions of the void ratio of the 
porous metal, and compared the results with the Gurson yield surface [38].
A square RVE with a rigid inclusion at its centre, 10% by volume, is considered under 
conditions where the matrix and the inclusion are either bonded or fully debonded. 
For the debonded configuration, contact with (fa=0.3) and without (/a=0) friction is 
considered. To stabilize the problem, the inclusion is prescribed a preliminary radial 
expansion by 1%. To verify the results, an RVE with a 10% void described by a 
single hole at its centre is also investigated, as well as the homogeneous continuum 
solution where the whole RVE consists of the matrix material.
The ideally plastic matrix material of the RVE is modelled by means of a stan­
dard von Mises elasto-plastic model, where the material properties are specified as: 
Young’s modulus E  = 200 GPa, Poisson’s ratio v =  0.3 and initial yield stress 
<r0 =  240 MPa. The nearly rigid elastic inclusion is modelled by Young’s modulus 
E  =  1100 GPa, Poisson’s ratio u =  0.25.
The plane strain RVE is discretized by a mesh of (400+100) F-Bar elements. The 
loading programme consists in prescribing a macroscopic strain path,
(8.34)
imposed upon the RVE, parametrized by a time factor 7 , and a unit strain tensor 
satisfying ||e ||= l by:
1 o '
1
"0
1
1
e = a y/20 +  V l  — a 2
V2
0+2 v/2
Note tha t by varying the load factor a  between - 1  and 1, the above tensor fully covers 
the loading spectrum in spherical and pure shear strain directions. Finite element 
simulations are performed for 21 a  values -1.0, -0.9, ...,0,...,1.0 for all configurations. 
The macroscopic von Mises stress and hydrostatic pressure are extracted from the 
homogenized stress.
Figure 8.12 shows the variation of the macroscopic von Mises stress and the pressure 
for bonded/debonded/no inclusion configurations for expansive load factor a  values 
0.0, 0.3, 0.5, 0.7, 1.0. As expected, the debonded inclusion is not loaded at all, 
thus all graphs coincide with an RVE that has a hole. Figure 8.14 depicts variation 
of the macroscopic von Mises stress and the pressure for compressive load factor
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a  values 0.0, -0.3, -0.5, -0.7, -1.0, where it can be observed that the RVE with a 
fully debonded inclusion tends to approach an RVE with a fully bonded inclusion 
with increasing pressure. Observed pressure offset is due to the initial prescribed 
expansion.
The equivalent plastic strain is plotted on deformed RVEs, + a  values in Figure 8.13
1.2
1
Debonded Inclusion, ji= 0 
Debonded Inclusion, ^=0.3 
Bonded Inclusion 
Hole
Homogeneous Matrix
0.8
0.6
0.4
0.2
0
2 2 45 4 3 1 0 1 3 5
P
Figure 8.11: Estimated yield surfaces for inclusion that is (i)-fully bonded (ii)-fully 
debonded without friction (pt=0) (iii)-fully debonded with friction (/i=0.3) and (iv)- 
no inclusion .
and —a  values in Figure 8.15 respectively. The debonded RVE behaves like there 
was no inclusion for loadings that expand it, while approaching the RVE with fully 
bonded inclusion for compressive loadings.
Plastic collapse is assumed to occur when the macroscopic stress stops changing 
with increasing load. For expansive loadings it is manifested by the flattening of 
von Mises stress curve. For compressive loads for which the RVE stiffens, plastic 
collapse does not happen for the volume fraction considered. For visualization, we 
have picked and interpolated points that intersect a 2% offset from the elastic part 
of the von Mises stress curve. The pressure and von Mises components of the plastic 
collapse stress are normalized as:
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Each q-p couple constitutes a yield surface point, which is plotted in Figure 8.11. 
Note tha t for an RVE with a hole, the yield surface obtained in the reference paper 
[34] is recovered. Again, for expanding loads, the RVE with a fully debonded in­
clusion behaves perfectly like an RVE with a hole, whereas for shrinking loads, the 
RVE with a fully debonded inclusion tends to approach an RVE with a fully bonded 
inclusion.
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8.3 C ohesive Zone M odel
Consider body Q, in Figure 8.16 separated by a discontinuity dQcoh into two sub- 
domains Q+ and Q~. The boundary value problem defined in Chapter 2 is extended 
to involve two bodies, as well as the cohesive contributions Ccoh:
/ <r+ : Vrj+dv — / f + -rj+d v — / t + -r}+da
'fi+ Jn+ Jan+
/  & ~ :\/r f~ d v — /  f~  rj~dv— /  t~  • r f  da
'fi- J fi- Jdn-
+
+  /  (tNSgN+ t T ' SgT)da = 0 Vr}+:rj e Y
Jd Qcoh
(8.37)
where tx , t r  are the components of tractions on discontinuity d£lcoh along unit 
normal and tangential vectors n  and t, that do work on displacement jumps g.
89>c-
n+
coh\~-
n~
V
Figure 8.16: Body separated by a discontinuity
8 .3 .1  C o n stitu tiv e  R ela tion s
The cohesive constitutive response is determined by an ad hoc definition of a trac­
tion separation law, as pointed by Gasser et al. [31]. The debonding behaviour is 
governed by an assumed potential ^  which relates the cohesive tractions t  to the 
displacement jump g as:
t  = 9^ ! ' q) (8.38)
09
where q denote a set of internal variables that characterize inelastic processes as­
sociated with cohesion. A number of alternative descriptions for a displacement
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measure has been suggested (see e.g. [84], [121] or [85]). We will follow Ortiz et al.
[85] and employ an effective opening displacement defined as
<*= V P29 t -9t + 9n - (8-39)
where (3 is a weighing factor that controls the contribution of the tangential com­
ponent of the displacement jump, t  is decomposed into normal and tangential
components:
dip dtpt  =  - — n + - — a
&9n dgT
dip, 85 85
85 dgN U +  dgT °
=  tNn  + tTa , (8.40)
where, by use of (8.39):
t t n0 dip
t'N = ~^9n , tT = ~^ /3 gr  , t - (8-41)
1
0
70 1 2 3 4 5 6
S / S c
Figure 8.17: Cohesive constitutive law, loading/unloading
For loading, the Smith/Ferrante universal binding law is assumed, which is ob­
tained from differentiation of the potential:
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where oc and 5C are the critical stress and effective opening displacement respectively. 
Unloading is assumed to be linear and to the origin, as depicted in the normalized 
loading/unloading diagram of Figure 8.17. The constitutive model is thus complete 
with _s_
5c for 8 = 8max and 8 > 0
f ^ 5  for 8 < 6max and 8 < 0
O m a x
and the stiffness term required by the Newton-Raphson procedure:
“  Tc)el~^ for $ =  firnax and 8 > 0  
QS 1  hoax. for S < 8mar. and 8 < 0 .
v  0 r
(8.43)
(8.44)
•>m a x
8.3 .2  C oh esive R esidu al
The discrete expression of the cohesive contribution from the boundary value prob­
lem (8.37) for one node-to-segment pair takes the form :
hCcoh =  TNSgs^  + T r i g f , (8.45)
where T/v =  t^ A  and 7V = tTA  are extracted from the cohesive constitutive relation.
The cohesive residual rj1 G sl is expressed in matrix formulation as:
v TG sl =  Tn N si +  Tt T si (8.46)
where 77 = *7M2, t]^)t and,
N sl = r^ n  (8.47)
nsl
T sl =  rj^a -\ ^~rion  (8-48)
where,
- ( i - 0 * ? -rjM1,M2j] } (8.49)
8 .3 .3  C oh esive  Stiffness
The expression for the linearized cohesive residual is similar to the one developed 
for contact:
A(t)t G si) = N s‘ ® ATn + T sl ® A Tt  + Tn A N s‘ +  Tt A T si (8.50)
see Appendix A.5 for derivation of the cohesive stiffness.
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Figure 8.18: Interphase Contact within RVE: initial mesh, with and without inclu­
sion
8 .3 .4  N u m erica l E xam p le
This example is concerned with a debonding inclusion within a square RVE. Similar 
simulations have appeared in the literature: Lissenden and Herakovich [65] used the 
cohesive zone model within a unit cell, followed by others [52, 64]. Ghosh and co­
workers [62] used Voronoi cells, and recently added bilinear and linear cohesive zone 
models for representing interfacial debonding and matrix crack propagation [63]. 
Matous and Geubelle [70] used 3D RVEs to capture debonding of reinforced elas­
tomers, while enforcing the contact constraint by means of an exponential constitu­
tive law, inspired by the cohesive model. Sfantos and Aliabadi [98] used the cohesive 
zone model within a parallel processing multi-scale boundary element method.
The nearly rigid elastic inclusion is 12.5% by volume and is located at the centre 
of the RVE, as shown in Figure 8.18. Debonding behaviour is governed by the co­
hesive model for opening and frictionless contact model for closing configurations 
respectively, whereas both models contribute to sliding configurations. To verify the 
results, the RVE is also considered under configurations where the matrix and the 
inclusion are either fully bonded or fully debonded. For the debonded configuration 
only frictionless contact {fi—0) is considered.
Plane stress condition is assumed and the RVE matrix material is modelled by a 
von Mises type elastoplastic law with Young’s modulus E  = 170 GPa, Poisson’s 
ratio v =  0.3, initial yield stress <7o =  500 MPa with perfect plasticity. To overcome 
numerical difficulties a linear hardening modulus H  = 0.01 GPa is adopted. The 
nearly rigid elastic inclusion has mechanical properties given as E = 1100 GPa and 
is = 0.22. The cohesive parameters are given as ac = 0.01 and /? =  0.8. Three 
critical effective displacements are considered: 5C =  {0.3,0.5,1} fim.
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(a) (b) (c) (d)
Figure 8.19: Debonding of an inclusion: development of equivalent plastic strain
on deformed mesh for cohesive critical effective displacem ents (a) 6C = 0.3 /im , (b)
Sc =  0.5 (im  , (c) 6C =  1 firm and (d) fully debonded inclusion w ithout friction //=(). 
Deform ations were exaggerated for visualization.
The periodic RVE is loaded by a prescribed shear strain
{Sll, £ 2 2 , 2 ^ 1 2} =  {0, 0, y/2] (8.51)
m ultiplied by a loading factor th a t is increased up to 0.02. The RVE boundary value 
problem  is solved, and homogenized stress cr is calculated. The effective von Mises 
stress, given by:
&vm \J ~^ G"dev • & d e v  (8.52)
is p lo tted  in Figure 8.20. As expected, debonding configurations lie between fully 
bonded and fully debonded configurations. Before debonding takes place, all three 
configurations overlap w ith the  fully bonded configuration. In itiation  of debond­
ing follows the order of critical effective displacem ents {0 .3 ,0 .5 ,1} /im  , and once 
dam aged, all configurations approach the fully debonded configuration. Equivalent 
plastic s tra in  is p lo tted  on (exaggerated) deformed mesh in Figure 8.19.
Even though the sim ulation was perform ed assum ing small deform ations, the solu­
tion was very numerically challenging due to  non-linearity associated w ith cohesive 
and contact models, as well as plasticity. This necessitates a very careful selection of 
param eters, and especially for large deform ation sim ulations, use of the arc-length 
m ethod might be the  only way to  obtain  a solution..
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Bonded Inclusion 
Sc =  l/im  
5C - 0.5fim 
Sc — 0.3/im 
Debonded Inclusion
2
1
0
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Figure 8.20: Debonding of an inclusion: von Mises Stress for cohesive critical effec­
tive displacements Sc = {0.3,0.5,1} /rra compared to fully bonded/fully debonded 
inclusion without friction fi= 0
Chapter 9 
Conclusions
The aim set at the beginning of the thesis was accomplished as far as time permitted. 
In other words, a compact and efficient computational framework for the multi-scale 
analysis of solids for small and large strain problems was developed and its capability 
to solve fully coupled problems efficiently was demonstrated. In what follows, a more 
detailed account of achievements and conclusions is presented, as well as suggestions 
for future research.
A m ulti-scale framework that linked the micro and macro scales was formulated 
in small and large strain regimes, based on the variational treatment of the ho­
mogenization problem. Some commonly used classes of boundary conditions of the 
RVE, namely uniform displacements, uniform tractions and periodic displacements 
with anti-periodic tractions were defined by the choice of the functional space of vir­
tual displacements, which allowed representation of the kinematical constraint using 
unified master-slave type dependencies within a direct approach. The homogenized 
stress was consistently linearized to achieve the asymptotic convergence associated 
with the Newton-Raphson method. The framework was verified for single scale 
homogenization, as well as fully coupled multi-scale simulations using benchmark 
problems in small and large strain regimes.
Com puter Im plem entation of a multi-scale framework that is capable of solving 
real problems requires a computer code that can handle an arbitrary number of do­
mains very efficiently. Dettmer’s Multi Physics Analysis Program [23] was extended 
to handle multi-scale problems which are essentially multi-domain. The new object 
oriented code, MPAP2, was written in C + +  and Fortran from scratch, which makes 
it modular, expandable and efficient.
A discrete interface that is linked to the discrete RVE boundary by a finite el­
ement type interpolation was proposed. Cost savings up to 50-60 % were demon­
175
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strated for small and large strains at the cost of negligible accuracy loss, while the 
asymptotic convergence of the Newton-Raphson scheme was preserved. The mesh of 
a realistic 3D microstructure is not, in general, periodic and interface discretization 
allows a periodic RVE to have a non-periodic mesh. The use of interface discretiza­
tion for such scenario was demonstrated by the use of unstructured meshed 3D 
hexagonal packed RVEs to predict material properties of long fibre composites.
A sub-stepping procedure was proposed to obtain better estimates for the RVE 
equilibrium state in the finite element solution of solid mechanics problems involving 
the use of homogenization-based multi-scale constitutive models. Numerical exam­
ples under the assumptions of both small and finite strains have demonstrated that 
the proposed procedure produces a dramatic improvement in the robustness of the 
Newton-Raphson scheme adopted in the iterative solution of the incremental RVE 
equilibrium problem. As a result, larger time/load increments can be prescribed at 
the macroscopic scale, leading to substantial savings in overall computing time. Such 
savings were found to be particularly noticeable, with an overall speed-up factor of 
up to four, under finite strains. It should be remarked that the sub-stepping proce­
dure preserves the quadratic rate of asymptotic convergence of the macroscopic scale 
Newton-Raphson scheme, without compromising the accuracy of the solution. Note 
that, even though the combined use of interface discretization and sub-stepping was 
not elaborated within the present work, it can be safely claimed that the efficiency 
gain would surpass that of any of these treatments alone.
Predictions for m echanical properties of long fibre composites obtained from 
homogenization of 2D and 3D RVEs were compared to properties obtained using 
analytical methods, namely the Slab, Hashin-Rosen and Halpin-Tsai models. Hexag­
onal and tetragonal packing arrangements were also considered, and the hexagonally 
packed RVE, where interface discretization was used to enforce the periodic bound­
ary condition, was found to be consistent with both Hashin-Rosen and Halpin-Tsai 
approaches for all properties sought. Strong and weak points of reference analytical 
approaches were highlighted: while the Slab assumption can be employed safely for 
longitudinal Young’s modulus and Poisson’s ratio, only Hashin-Rosen and Halpin- 
Tsai models provide acceptable predictions for longitudinal shear modulus or the 
transverse Young’s modulus. None of the three models considered provided good 
predictions for the transverse Poisson’s ratio.
Fully coupled small strain analysis of 2D and 3D beams was conducted to in­
vestigate the effect of fibre orientation, as well as the fibre volume ratio on beam 
displacement. Continuum models using material properties obtained from Slab and 
Halpin-Tsai models were compared to the present model. Periodic RVEs were found
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to be in good agreement with the analytical models, for 2D and 3D, where, as ex­
pected, orientations for which the fibres are aligned with the beam axis returned 
the smallest deformation. It should also be noted that minor misalignment from the 
beam axis has negligible effect on the deflection.
Finite strain tw isting and grooving of a two ply laminate was demonstrated 
using the fully coupled simultaneous approach, and the response of continuum mod­
els whose parameters were obtained by linearization of the constitutive relation of 
a finite strain transversely isotropic model were retrieved. Note that this example 
was only a benchmark for the multi-scale formulation, which is able to represent 
more complex micro-structural phenomena like interwoven arrangement of fibres or 
inter phase effects, where a macro-mechanical continuum model falls short. It was 
performed with rather simple RVEs to save computational time. For realistic 3D 
simulations, parallelization is essential. The multi-scale problem lends itself natu­
rally to coarse parallelization, as each RVE equilibrium problem needs to be solved 
seperately, independent from other RVEs. W ith a straightforward manipulation 
of the existing code, using 8 processors within a shared memory architecture, our 
preliminary study indicates speed up factors of 5 to 6.
M odelling of weak interfaces is an important front of micro-mechanics, as many 
macroscopic phenomena arc linked to interfaces at different scales. A successful 
attem pt was made to model an RVE with a fully debonded inclusion, where the 
interface between the inclusion and matrix was modelled using Coulomb friction 
law. It was demonstrated that, for expanding loads, the RVE behaved perfectly like 
an RVE with a hole, whereas for compressive loads, it approached an RVE with 
a fully bonded inclusion. The discrete contact model relied on discrete normals, 
which can be numerically challenging when, e.g. a slave node slides from one master 
segment to the next. This can be improved by introducing smooth contact models.
D ebonding of an inclusion was demonstrated by embedding the cohesive zone 
model within the interface. It was shown that the response of an RVE with a debond­
ing inclusion with various critical efficient opening displacements lies between fully 
bonded/debonded responses. The cohesive zone model employed was too simplistic 
and was not path-dependent; there is a need for better defined models, however, due 
to problems with experimentation and data acquisition in microscopic scales, this is 
not an easy task.
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One pitfall of the present method is the indifference of macroscopic behaviour to 
the size of the RVE employed. The physical impact of the length scale, e.g. variation 
of mechanical properties with grain size, can not be represented by simply changing 
the size of the RVE. However, the exact mechanisms leading to this variation are 
not well established, and may not be available under a pure continuum assumption. 
One possible research idea would be to use the continuum assumption along with 
contact-cohesive framework to express macroscopic size effects taking into account 
continuum contributions from each grain, as well as contributions from interaction 
of grains with their surroundings. To facilite this, contact and cohesive discrete 
models need to be extended into 3D.
Another area that is in need of improvement is the proneness of the present method 
to localization. It was demonstrated in Chapter 4 that the present model inherits 
the mesh dependent localization pattern of continuum models. This needs to be 
addressed in the future, perhaps by extending the method into a non-local or en­
hanced gradient context.
A clear direction for future research appears to be the marriage of m ulti-scale  
and m ulti-physics approaches. Biomechanics, where a separation of scales exist 
naturally, could be the stage of such union.
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A ppendix A
Derivation of Some Expressions 
Referred in the Thesis
A .l  E quivalence o f norm s o f M andel and Kirchoff 
Stress Tensors
t  is the push forward of S  so that r  = F S F T or S  = F ~ 1t F ~ t
M  =  F pF ~ 1tF  F  F F P
=  (F  F p~1)^1 t F  F ^ 1 
M  =  F e^ r F e (A.l)
M  : M  =  F e~1r F e : F e_1 r F e
=  r F e~T F e~l r F eF eT : I  
=  r b e r b e : I  
= r b e 1 b er  : I  
M  : M  = t  : t  (A.2)
so that,
\ \ M \ \  =  y / M  : M  — \ J t  : r  = ||r || 
t r [ M } =  F e~ \ F e : I  =  r F eF e~X : I  =  t r [ r ]
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|M dev|| =  V M dev : M dev
| |M dev|| =  ||7dev|| (A.3)
A .2 E lastop lastic  C on sisten t T angent for Sm all
Strains
As the stress update formulation is in terms of deviatoric stress and strain, first 
will be formulated.
ds d  s trial <9AA n triaI
de de  ^  de
where,
<9strial
=  2/iX (A.5)
de
dAX  1 <9$trial
d e  M i  + f» )  d e
1 d V s tr,al : s trial 3 s ,rial 
2/^(1 +  ) f ) s trlal de
n tr,al : 2 n l
M l  + f t )
.t r ia l
_ ri tr ia l
3/x -
1 n
^ ^ tr ia l  ^ ^ tr ia l  ^ ^ tr ia l
de  <9strial de
• y /g t r ia l  • g tr ia l
2tJj :(X — n trial ®  n trial)
y 'g t r ia l  . g tr ia l
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Now (A.4) becomes:
^  =  2 y X -  2y(— ^ - s - n t r f a l  ®  n t r i a l  +  A A ^ = = ^ -----------^ {X -  n t r i a l  8  r e t r i a l ) )
de  1 +  3^ v stnal : s tnal
Let,
and,
2 / ^ ( 1 —  2 ^ -A -  -  2fi ( — ^  -  2flAX ) n t r ia I  ®  n t r i a l
^ t r i a l  • gtrial J \  1 “H g \ / s tr'a  ^ • <jtrial
^ - 7 = ^ m  ^
7 =
1 2^AA
1 + 2>n
1 - ( 1 - / 3 )
trial • otrial
1 + l
so that,
d ^
—  =  2 / i / ? X  -  2 / i 7 n t r i a l  ®  n t r l a l  
de
Now Cep =  ^  can be derived from using <r = s + K tr[e]I, so that,
,dtr[e]I ds de
de de de
Recall the definition of deviatoric strain given as:
Cep =  (A.7)
so that,
1 r i te = e  tr\e \I
3 L J
de de 1 dtr[e]I
de de 3 de
=  X - \ l ® I
o
C e p  =  K I ® I  + { 2 y p X - 2 y ' f n iTM® n t™ ' ) : ( X - \ l ® I )
o
= K I 0 I  +  2 / i /3 ( Z - \ l ® I ) ~  2/ i 7 ( n t r i a l  ®  r t t r i a l )  : I
o
 ^trial ,0 , trial \  .
( n  ®  n  )  : (I ® I)
APPENDIX A. DERIVATION OF SOME EXPRESSIONS REFERRED IN  THE THESIS19
Note that
(n ‘rial <g> n trial) : ( I  ® I )  =
, tr ia l ,tr ia l
^ / g t r i a l  ■ g t r ia l  y j g t r ia l  . g t r ia l  
1
: (/  ® /)
g tr ia l g tr ia l
1
g tr ia l g tr ia l
1
g tr ia l g tr ia l
( s
tr ia l „ tr ia l
^ ( s trial : / ) ( s trial ® I)  
t t  tr[s ,rial](strial(8)/)
=  0
as tr[s trlal] is zero. Now the consistent tangent modulus becomes:
Cep =  K J  ® I  +  2/i/?(X — - J  ® J)  — 2/ry(n
o
tr ia l n trial) (A.8)
=  1 —
2/iAA
1
7 =
- y /g t r ia l  . g t r ia l
( i - j f f )
A .3 E lastop lastic  C onsisten t Tangent for Large 
Strains
An increment of the stress can be expressed as:
r o  8 S  d S  d S  rAXdS = —  : SC  +  — -  : 6CP +  t t t - t  : SAX
d C d C v dAX
(A.9)
in matrix notation:
SS n  ] r 1
SS22 £ c 22
SS33
6SU > =
d S
d C • < £c 33
2 ^ C * i 2
> +
s s 23 2 5 ( 7 ^
SS31
V /
2SC3K
ds
d C p
-1 r s c p l l '
SC p22
d S SCp33
d A X • < 2SCpi2
2 SCp23
2 S C ps i
- SAX \  /
similarly for RP and <J> it can be written: 
0 =
d R p ^  d R p 
SC  +
dR P
SCP +  rZrr  : SAXd C  ' <9CP ' <9AA
<9$ d$  d$
0 =  a c : 5 c  +  ^ :5CP +  a A A :5AA
(A.10)
(A. 11) 
(A.12)
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or, in matrix notation:
f°]
0
0
{ 0
II
0
0
0 V  s
dR P
d C
G><j>
d C
SC n
SC22
SC33
2 SC 12
25C23
2SC3l
+
d A \ .
> 
SCpu
SCp22
SCp33
25Cpi2 >
2SCp23
2SCp3\
SAX
(A.13)
or,
' s c p U '
SCP22
s c p33
25Cpi2 > =  -
2SC p23
2SCp3\
5 AX
V /
dRP dRP
d C p d A X
d<& d<&
d C p d A X .
-  [dR~'} 7 x7
-1
dRP
d C
d C
SCU '
SC 22
s c 33
• <2 SCn
2SC23
2SC31j
7x 6 {5C } 6x1
by substituting (A. 14) into (A. 10), the consistent tangent modulus is found as:
r  ='-'ep
“
d S
d C —
OS
d C p
dS
d A X dR L (A.14)
A L e  -  Mex7 M txt Wtx*
Note that the last column of [A] is zero, so that the last row of [dA-1] can be 
omitted to give the tangent modulus as:
^ = [ M ] 6x6 ~[ N ] t x t [d R -% x 1 [L]7xt (A.15)
In the above expression, [M] is given by (3.106), which is also the tangent for purely
elastic deformations ($ < 0).
Note that [dR\ has already been established in (3.100), [A] is given by (3.105), and 
was used to construct \dR].
Two components of [L] are given as:
a *  =  a | | [ c s ] devn fA ,
dC dC 1 ' >
dRp AA 2df Cp^ f  | AA3 df Cpl f C pl f  | \  df
dC |^AAX 2 ! df 3! df dC
(A.17)
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A A  C ontact C onsisten t Tangent
AN sl and AT sl follow from (8.30) and (8.31) as:
A N sl =  n  <g A +  r^A n
=  —rj0 . n  0  A£ +  7^ A n
A T siip = a  ® Arj^ +  rj^Aa +  ?7 0 . [n 0  (yA g^ — ^ ~ A l)  +  y A n ]  
=  —T70 . a  0  A£ +  rj^Aa
1 nsl nsl1  A  U N  A  , V IV
1 nsl
+»Jo • [ra ®  (yA tfw  -
A T ^  =  A T s;ip +  »j0 . [a ® ( jA S|'  -  ^ A l )  +  ^ A a ]  
A£5/, A gff and Ag!p have the same form with (8.23) and (8.26)
1 nsl
A£SI = yAifc^. a  +  - j^ A u 0 . n  
Agf} =  A . n
qsl qs}
&9tstick = Au^  . a  H— f~Auo . n  H— j- A uq . a
while A/, A a and A n  are
A/ -  ^ ( 2 ( x 2 -  X i ) A n 2 -  2 (x 2 -  X i )A n i )
=  a . Ano 
Aa =  y A n 0 -  ^ ( x 2 -  Xi) (g) A/
1 A  1=  — A U q — y a 0  a . A u g
= y ( /  — a 0  a ) . Aw0 
1= y  n  0  n  . Aw0
A n =  e 3 x Aa 
1
—  y  a  0  n . A n 0
(A.18)
(A.19)
(A.20)
(A.21)
(A.22)
(A.23)
(A.24)
(A.25) 
(A.26)
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so that,
T ^ A N sl = Tn (t]q . — y n  0  a . Au^
qsl 1
+ 77 0 . — A-72 0  n . Au0 +  r)£. — -  a ®  n .  Au0) (A. 27)
TTA T sliv =  Tt (?7 0 . y(7i 0  n  -  a  0  a ) . Au$ +  77^. y n  0  n . A u 0
qsl
+ T70 . — y ( 2 a 0 n  +  n 0 a ) . A n o) (A28)
TTA T sJ ick = Tt A T  sup +  Tt  (rj0 . -  a  0  a . A
si si
+ 770 . yy-a 0  n . Au0 +  rj0 . ^ - n  0  n  . A u0) (A.29)
where A a n d  Atx0 are defined in the same way 77^  and rj0 in (8.32). The first
two terms are linearized as:
N sl 0  AT/v = N sl 0  AtNA
= N sl^A(p^-AgN)
dgN
=  rj£.(AcN n  0  n).A u£ (A.30)
and,
lS/0 A  Tt =  T S(0 A M  (A.31)
= T SI 0  A(-—f-AgT  +  -~ -A g N )  (A.32)
ogr ogN
After insertion of and | ^ ,  which are extracted from the constitutive n.odel 
summarized in Box 8.1, T sl 0  A Tt  is calculated as one of:
(T sl 0 A T sl)stlck =  ^  (riQ.a 0 a.Auo  +  rj0.gf}a 0 n.Auo
qslqsl
+ Vo-gNU 0  a.Auo  +  ?7 0.-Ay-A.n 0  7i.Au0) (A.33)
(T sl 0  A T sl)sup = A^lcm sign(tif ial){ r )^ .a ^ n .A u ^
Si
+ r]0. - j - n  0  n .A u ^ j  (A.34)
where (8.27) was used in formulating (A.34) and 77^  is defined as:
V,o = RT { } (A.35)
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Note that for the geometrically linear case, (A.24), (A.25) and (A.26) vanish.
A N sl = —rj0 . n  0  A£ (A.36)
A T f/iP =  - v 0-a ® AZ+ *}<>■ jn® Agf} (A.37)
A T & * =  AT*(jP +  J70 . y a  <g> Agf. (A.38)
A .5 C ohesive C onsisten t Tangent
Tn A N s ‘ and Tt A T si are given by (A.27) and (A.29) respectively, where, in 2D, 
T/v =  At is/ and Tt =  AtT- The first two terms are linearized as:
T s i ® A T t  =  T 5' ®A/32f ( g - ^ A 5  +  ^ A .A  
N s i ® A T n  =  N s‘ 0  -  t ) ^ - A 5  + ^ A g F j  (A.39)
t and H follow from the constitutive relation (8.43) and (8.44), while Ad follows 
from (8.39):
dS . dS
AS = —— A gT +  —— A gN 
ogT ogN
= \((32gTAgT + gNA gN) (A.40)
so that,
T sl 0  ATr  =  T sl
A fr
{^~d6 ~  +  9n ^ 9 n ) +  tA gr'j
N sl 0  A T n = N sl 0  — — j )  (P2gT^ g T +  gNAgN) +  tA gN j^
Agjs[ and AgT are given by (A.22) and (A.23)
